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Precoding Design for MIMO Relay Multicasting
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Abstract—In this paper, we consider a two-hop multicasting
multiple-input multiple-output (MIMO) relay system where one
transmitter multicasts common message to multiple receivers
with the aid of a relay node, and all nodes are equipped with
multiple antennas. Joint transmit and relay precoding design
problems are investigated for multicasting multiple data streams
based on two design criteria. In the first scheme, we aim at
minimizing the maximal mean-squared error (MSE) of the signal
waveform estimation among all receivers subjecting to power
constraints at the transmitter and the relay node. This problem
is highly nonconvex with matrix variables and the exactly optimal
solution is very hard to obtain. We develop an iterative algorithm
to jointly optimize the transmitter, relay, and receiver matrices
through solving convex subproblems. By exploiting the optimal
structure of the relay precoding matrix, we then propose a
low complexity solution which decouples the optimization of
the transmitter and relay matrices under the (moderately) high
first-hop signal-to-noise ratio (SNR) assumption. In the second
scheme, we propose a total transmission power minimization
strategy subjecting to quality-of-service (QoS) constraints. By
using the optimal structure of the relay precoding matrix and the
(moderately) high first-hop SNR assumption, we show that this
problem can be solved using the semidefinite programming (SDP)
technique. Numerical simulations demonstrate the effectiveness
of the proposed algorithms. Interestingly, we show that for
the special case of single data stream multicasting, the relay
precoding matrix optimization problem can be equivalently
converted to the transmit beamforming problem for single-hop
multicasting systems.

Index Terms—MIMO relay, multicasting, precoding.

I. INTRODUCTION

IN many practical communication systems, one transmitter
needs to send common message to a group of receivers

simultaneously. These systems are referred to as multicast
broadcasting or multicasting systems. The broadcasting na-
ture of the wireless channel makes it naturally suitable for
multicasting applications, since a single transmission may
be simultaneously received by a number of users. Recently,
wireless multicasting technology has triggered great interest
among researchers across the world, due to the increasing
demand for mobile applications such as streaming media,
software updates, and location-based services involving group
communications. The increasing popularity of live streaming,
e.g. mobile TV or IPTV has also generated the need for
efficient wireless solutions to support such applications and
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services. However, wireless channel is subject to signal fading.
By exploiting the spatial diversity, multi-antenna techniques
can be applied to combat channel fading [1]. Next generation
wireless standards such as WiMAX 802.16m and 3GPP LTE-
Advanced have already included technologies which enable
better multicasting solutions based on multi-antenna and
beamforming techniques [2].

The problem of designing optimal beamforming vectors for
multicasting is hard in general, mainly due to its nonconvex
nature. The authors in [3] have designed transmit beamformers
for physical layer multicasting using rank relaxations. The
information theoretic capacity of the multi-antenna multicas-
ting channel is studied in [4] with a particular focus on the
scaling of the capacity and achievable rates as the number
of antennas and/or users approaches infinity. The asymptotic
capacity limits of multi-antenna physical layer multicasting
has been studied in [5] based on antenna subset selection.
The effect of channel spatial correlation on the multicasting
capacity has been investigated in [6]. The authors in [7]
investigated transmit precoding design for multi-antenna mul-
ticasting systems where the channel state information (CSI) is
obtained via limited feedback. The authors in [8] considered
transmit covariance design for a secrecy rate maximization
problem under a multicasting scenario, where a multi-antenna
transmitter delivers a common confidential message to multi-
ple single-antenna receivers in the presence of multiple multi-
antenna eavesdroppers.

The works in [3]-[8] solved the max-min signal-to-noise ra-
tio (SNR)/rate beamforming problems with the aid of semidef-
inite relaxation (SDR) and rank-one approximation (which is
suboptimal, in general). In [9], a stochastic beamforming strat-
egy is proposed for multi-antenna physical layer multicasting
where the randomization is guided by SDR, but without the
need of rank-one approximation. The authors in [9] adopted
an achievable rate perspective, and showed that the gaps
between the rates of the proposed stochastic beamformers and
the optimal multicasting capacity are no greater than 0.8314
bps/Hz. The fundamental limit of the max-min beamforming
is that as the number of users grows to infinity, the achievable
rate decreases to zero [4]. To cure this problem, a joint beam-
forming and admission control problem has been considered
in [10] and [11], where a subset of users is selected so that
certain quality-of-service (QoS) requirements can be satisfied.
An iterative transmit beamforming strategy has been proposed
in [11] for multiple cochannel multicasting groups to minimize
the total power transmitted by the antenna array subjecting
to signal-to-interference-plus-noise ratio (SINR) constraints at
the receivers. It has been shown that the problem can be
approximated by a second-order cone programming (SOCP)
problem which does not require rank relaxations.
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While the works in [3]-[11] investigated multicasting sys-
tems with single-antenna receivers, recently multi-antenna
receivers have been considered for multicasting systems [12]-
[14]. In particular, coordinated beamforming techniques have
been investigated in [12] to facilitate physical layer multicas-
ting with multi-antenna receivers, and a generalized form of
block diagonalization has been proposed to make orthogo-
nal transmissions to distinct multicasting antenna groups. In
[13], non-iterative nearly optimal transmit beamformers are
designed for wireless link layer multicasting with real-valued
channels, and for complex-valued channels an upper-bound on
the multicasting rate is derived. The scaling of the achievable
rate for increasing number of users is investigated in [14] for
multiple-input multiple-output (MIMO) multicasting where
the transmission is coded at the application layer over a
number of channel realizations.

The above works [2]-[14] considered single-hop multi-
casting systems. However, in the case of long transmitter-
receiver distance, relay node(s) is necessary to efficiently
combat the pathloss of wireless channel. The concept of
multiuser peer-to-peer relay network has been generalized to
that of a multi-group multicasting relay network in [15] and
a distributed beamforming algorithm is proposed to minimize
the total relay power where each node is equipped with a
single antenna. In [16], the authors investigated multicast
scheduling with multiple sessions and multiple channels where
the base station may multicast data in two sessions using
MIMO simultaneously through the same channel leading to
a higher multicasting rate than single-session transmissions,
and the users are allowed to cooperatively help each other on
orthogonal channels. The authors in [17] studied the lower-
bound for the outage probability of cooperative multi-antenna
multicasting schemes based on the amplify-and-forward (AF)
strategy where the users are equipped with a single antenna.

In this paper, we consider a two-hop multicasting MIMO
relay system where one transmitter multicasts common mes-
sage to multiple receivers with the aid of a relay node. The
transmitter, relay node, and receivers are all equipped with
multiple antennas. To the best of our knowledge, such two-hop
multicasting MIMO relay system has not been investigated in
existing works. For the sake of the implementation simplicity,
we choose the AF relaying strategy. We consider the joint
transmit and relay precoding design problem based on two
criteria. In the first scheme, we aim at minimizing the maximal
mean-squared error (MSE) of the signal waveform estimation
among all receivers subjecting to power constraints at the
transmitter and the relay node. This problem is highly non-
convex with matrix variables and the exactly optimal solution
is very hard to obtain. We develop an iterative algorithm to
jointly optimize the transmitter, relay, and receiver matrices
through solving convex subproblems. By exploiting the opti-
mal structure of the relay precoding matrix, we then propose
a low complexity solution which decouples the optimization
of the transmitter and relay matrices under the (moderately)
high first-hop SNR assumption. In order to facilitate low-
power transmissions, in the second scheme, we propose a
total transmission power minimization strategy subjecting to
QoS constraints in terms of the MSE of the signal waveform
estimation at each receiver. By using the optimal structure of
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Fig. 1. Block diagram of a two-hop multicasting MIMO relay system.

the relay precoding matrix and the (moderately) high first-
hop SNR assumption, we show that this problem can be
solved using the semidefinite programming (SDP) technique.
Numerical simulations demonstrate the effectiveness of the
proposed algorithms. Note that both algorithms support mul-
ticasting multiple data streams in contrast to the existing
single data stream multicasting schemes [2]-[16]. Interestingly,
we show that for the special case of single data stream
multicasting, the relay precoding matrix optimization problem
can be equivalently converted to the transmit beamforming
problem for single-hop multicasting systems. In this paper,
for notational convenience, we consider a narrow-band single-
carrier system. However, our results can be straightforwardly
generalized to each subcarrier of a broadband multi-carrier
multicasting MIMO relay system.

The rest of this paper is organized as follows. In Section II,
the system model of a two-hop multicasting MIMO relay
network is introduced. The joint transmit and relay precoding
matrices design algorithms are developed in Section III for
the general case of multiple data streams multicasting. In
Section IV, we study the joint transmit and relay beamforming
for single data stream multicasting through two-hop MIMO
relay systems. Section V shows the simulation results which
justify the significance of the proposed algorithms under
various scenarios. Conclusions are drawn in Section VI.

II. SYSTEM MODEL

We consider a two-hop MIMO multicasting system with L
receivers as illustrated in Fig. 1. The transmitter and the relay
node are equipped with Ns and Nr antennas, respectively. For
the sake of notational simplicity, we assume that each receiver
has Nd antennas. The algorithms developed in this paper can
be straightforwardly extended to multicasting systems where
receivers have different number of antennas. The transmitter
multicasts its information-carrying symbols to all receivers
with the aid of a relay node. The direct links between the
transmitter and the receivers are not considered since we
assume that these direct links undergo much larger path
attenuations compared with the links via the relay node.

We assume that the relay node works in half-duplex mode.
Thus the communication between the transmitter and re-
ceivers is accomplished in two time slots. In the first time
slot, the transmitter linearly precodes an Nb × 1 (Nb ≤
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min(Ns, Nr, Nd)) modulated signal vector s (common mes-
sage to all receivers) by an Ns × Nb precoding matrix B
and transmits the precoded vector x = Bs to the relay node.
We assume that E[ssH] = INb

, where E[·] denotes statistical
expectation, (·)H stands for the matrix Hermitian transpose,
and In is an n×n identity matrix. The received signal vector
at the relay node is given by

yr = HBs+ vr (1)

where H is the Nr ×Ns MIMO channel matrix between the
transmitter and the relay node, yr and vr are the Nr × 1
received signal and additive Gaussian noise vectors introduced
at the relay node, respectively.

In the second time slot, the transmitter remains silent and
the relay node multiplies (linearly precodes) the received
signal vector yr by an Nr × Nr relay precoding matrix F
and multicasts the precoded signal vector

xr = Fyr (2)

to all L receivers. From (1) and (2), the received signal vector
at the ith receiver can be written as

yd,i = GiF (HBs+ vr) + vd,i � Ais+ ni, i = 1, · · · , L
(3)

where Gi is the Nd × Nr MIMO channel matrix between
the relay node and the ith receiver and vd,i is the additive
Gaussian noise vector at the ith receiver. Here Ai � GiFHB
is the equivalent MIMO channel between the transmitter and
the ith receiver, and ni � GiFvr + vd,i is the equivalent
noise vector at the ith receiver. All noises are independent and
identically distributed (i.i.d.) complex circularly symmetric
Gaussian noise with zero mean and unit variance.

We assume that all channels are quasi-static, i.e., the
channel matrices H and Gi, i = 1, · · · , L, are constant
throughout a block of transmission. In practice, the CSI
of Gi, i = 1, · · · , L, can be obtained at the ith receiver
through standard training methods. The relay node can have
the CSI of H through channel training, and obtain the CSI
of Gi, i = 1, · · · , L, by a feedback from the ith receiver.
The quasi-static channel model is valid in practice when the
mobility among all communicating nodes is relatively slow.
Therefore, we can obtain the necessary CSI with a reasonably
high precision during the channel training period. The relay
node calculates the optimal transmit matrix B and the relay
matrix F, and forwards B to the transmitter and forwards B,
F, and H to all receivers1. Note that the transmitter does not
need any channel knowledge and each receiver only needs the
CSI of its own channel with the relay and that of the first-hop
channel. This is a very important assumption for multicasting
communication since in a multicasting scenario the receivers
are distributed and cannot cooperate.

We aim at improving the system performance through
optimizing the transmit and relay precoding matrices. Usually,
the system performance is quantified by its QoS and the

1This enables each receiver to calculate its receiver weight matrix. Alter-
natively, all receiver matrices can be calculated at the relay node, which then
forwards the ith receiver matrix to the ith receiver. In this case, the receivers
do not need to know B, F, and H. However, the signalling overhead of
the latter approach increases with the number of receivers, while the former
approach does not.

resources it consumes. The most commonly used QoS metrics
include the MSE of the signal waveform estimation, bit-error-
rate (BER), system capacity and the output SNR. Interest-
ingly, the aforementioned QoS measures can be expressed
in terms of MSE [18]. On the other hand, resources that
a multicasting system consumes include the spectrum and
transmission power. In the next section, we study two types of
optimization problems for two-hop multicasting MIMO relay
systems. The first problem deals with minimizing the MSE
of the signal waveform estimation subjecting to transmission
power constraints at the transmitter and the relay node, while
the second problem investigates how to achieve given MSEs
using a minimal possible total network transmission power.

III. PROPOSED TRANSMITTER AND RELAY DESIGN

ALGORITHMS

Due to its simplicity, a linear receiver is used at each
receiver to retrieve the transmitted signals. Denoting Wi as
an Nd × Nb weight matrix at the ith receiver, the estimated
signal vector ŝi is given by

ŝi = WH
i yd,i, i = 1, · · · , L . (4)

From (4), the MSE of the signal waveform estimation at the
ith receiver is given by

Ei = tr
(
E
[
(ŝi − s)(ŝi − s)H

])
= tr

(
(WH

i Ai − INb
)(WH

i Ai − INb
)H+WH

i CiWi

)
i = 1, · · · , L (5)

where tr(·) denotes matrix trace and Ci � E[nin
H
i ] =

GiFF
HGH

i + INd
is the covariance matrix of ni. Obviously,

the power consumed by the transmitter is tr(BBH). And
from (1) and (2), the transmission power consumed by the
relay node is given by tr(F(HBBHHH + INr)F

H). In the
following, we consider two design strategies for optimizing the
transmit and relay matrices. The first optimization strategy is
to minimize the maximal MSE among all receivers subject
to power constraints at the transmitter and the relay node.
The second strategy minimizes the total network transmission
power subject to QoS constraints.

A. Min-Max MSE-Based Transmitter and Relay Design

Given the power constraints at the transmitter and the relay
node, we aim at minimizing the maximal MSE of the sig-
nal waveform estimations among all receivers. This problem
formulation is important when the power consumption is a
strict system constraint that cannot be relaxed. In this case, the
transmitter, relay, and receiver matrices optimization problem
can be formulated as

min
B,F,{Wi}

max
i

Ei (6a)

s.t. tr(F(HBBHHH + INr)F
H) ≤ Pr (6b)

tr(BBH) ≤ Ps (6c)

where {Wi} � {Wi, i = 1, · · · , L}, (6b) and (6c) are the
transmission power constraints at the relay node and the trans-
mitter, respectively, and Pr > 0, Ps > 0 are the corresponding
power budgets. In the following, we first develop an iterative
algorithm to solve the problem (6) and then we propose a low
complexity solution to this problem.
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1) Iterative Approach: This algorithm starts with random
F and B satisfying (6b) and (6c). In each iteration, the trans-
mitter, relay, and receiver matrices are updated alternatingly
through solving convex subproblems. Firstly, with given F and
B, the optimal Wi, i = 1, · · · , L, are obtained by solving the
unconstrained convex problem of minWi Ei, since Ei does
not depend on Wj , j = 1, · · · , L, j �= i, and Wi does not
appear in constraints (6b) and (6c). The solution is the well-
known linear minimal mean-squared error (MMSE) filter [19]
and given by

Wi =
(
AiA

H
i +Ci

)−1
Ai, i = 1, · · · , L (7)

where (·)−1 denotes matrix inversion.
Secondly, with given Wi, i = 1, · · · , L, and B, using the

MSE expression in (5), the relay matrix optimization problem
can be formulated as

min
F

max
i

tr
(
WH

i GiFKFHGH
i Wi −WH

i GiFHB

−(GiFHB)HWi

)
+ tr

(
WH

i Wi + INr

)
(8a)

s.t. tr(FKFH) ≤ Pr (8b)

where K � HBBHHH + INr , and (8a) is obtained by
substituting Ai into (5). Let us introduce

FKFH � Φ

WH
i GiFKFHGH

i Wi −WH
i GiFHB

−(GiFHB)HWi � Ψi, i = 1, · · · , L
and a real-valued slack variable tr, the problem (8) can be
equivalently transformed to

min
tr,F,{Ψi},Φ

tr (9a)

s.t. tr(Ψi) + tr
(
WH

i Wi

)
≤ tr, i = 1, · · · , L (9b)(

Ψi+WH
i GiFHB+(GiFHB)HWi WH

i GiF
FHGH

i Wi K−1

)
�0

i = 1, · · · , L (9c)

tr(Φ) ≤ Pr (9d)(
Φ F
FH K−1

)
� 0 (9e)

where {Ψi} � {Ψi, i = 1, · · · , L} and we use the Schur
complement to obtain (9c) and (9e). Here A � 0 indicates that
matrix A is positive semidefinite (PSD), and A � B means
B−A � 0. The problem (9) is a convex SDP problem and can
be efficiently solved by the disciplined convex programming
toolbox CVX [23], where interior-point method-based solvers
such as SeDuMi or SDPT3 are called internally.

Thirdly, to obtain the optimal B with given F and Wi, i =
1, · · · , L, we reformulate the problem (6) as

min
B

max
i

tr
(
LiBBHLH

i − LiB−BHLH
i

)
+tr

(
WH

i GiFF
HGH

i Wi +WH
i Wi + INb

)
(10a)

s.t. tr(F(HBBHHH + INr)F
H) ≤ Pr (10b)

tr(BBH) ≤ Ps (10c)

TABLE I
PROCEDURE OF SOLVING THE PROBLEM (6) BY THE ITERATIVE

ALGORITHM

1) Initialize the algorithm with random F and B satisfying (6b) and (6c),

for example, B(0)=
√

Ps/Ns INs and F(0)=
√

Pr/tr(K(0)) INr ;
Set n = 0.

2) Update {W(n)
i } using B(n) and F(n) as in (7).

3) Update F(n+1) by solving the problem (9) using given {W(n)
i } and

B(n) .
4) Solve the problem (11) using known F(n+1) and {W(n)

i } to obtain
B(n+1) .

5) If max
∥∥B(n+1) −B(n)

∥∥
1
≤ ε, then end.

Otherwise, let n := n+ 1 and go to step 2.

where Li � WH
i GiFH, i = 1, · · · , L. Let us introduce

FHBBHHHFH � Υ

BBH � Ω

LiBBHLH
i − LiB−BHLH

i � Γi, i = 1, · · · , L
and a real-valued slack variable ts, the problem (10) can be
equivalently transformed to

min
ts,B,{Γi},Υ,Ω

ts (11a)

s.t. tr(Γi) + tr
(
WH

i GiFF
HGH

i Wi +WH
i Wi

)
≤ ts

i = 1, · · · , L (11b)(
Γi+LiB+BHLH

i LiB
BHLH

i INb

)
� 0, i = 1, · · · , L (11c)

tr(Υ) ≤ Pr − tr(FFH) (11d)(
Υ FHB

BHHHFH INb

)
� 0 (11e)

tr(Ω) ≤ Ps (11f)(
Ω B
BH INb

)
� 0 (11g)

where {Γi} � {Γi, i = 1, · · · , L} and we use the Schur com-
plement to obtain (11c), (11e), and (11g). The problem (11) is
a convex SDP problem and we use the CVX software package
[23] to solve the problem. Now the original transmitter, relay,
and receiver matrices optimization problem (6) can be solved
by an iterative technique as shown in Table I, where ‖ · ‖1
denotes the matrix maximum absolute column sum norm, ε is
a small positive number close to zero and the superscript (n)
denotes the number of iterations.

In each iteration of the algorithm, the transmitter, relay, and
receiver matrices are updated alternatingly through solving the
corresponding subproblems. Since all subproblems are convex
optimization problems, the conditional update of each matrix
can not increase the objective function of each subproblem,
and hence the objective function (6a). Therefore, each con-
ditional update of W

(n)
i , i = 1, · · · , L, F(n), and B(n) may

either decrease or maintain but cannot increase the objective
function (6a). Note that the constraints in the problem (6)
are always satisfied with every conditional update. Thus a
monotonic convergence of W

(n)
i , i = 1, · · · , L, F(n), and

B(n) towards (at least) a locally optimal solution follows
directly from this observation.

The major computational complexity of the iterative ap-
proach involves solving the SDP problems (9) and (11) in
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each iteration. Thus the overall computational complexity of
the iterative algorithm is very high. In the following, we
develop a simplified algorithm for the min-max MSE problem
such that the nearly optimal transmitter and relay matrices
can be designed with a significantly reduced computational
complexity.

2) Simplified Approach: For any given B and F, by sub-
stituting (7) back into (5), we have

Ei = tr
([

INb
+AH

i C−1
i Ai

]−1
)

= tr
([

INb
+BHHHFHGH

i

(
GiFF

HGH
i + INd

)−1

×GiFHB]
−1

)
, i = 1, · · · , L. (12)

Therefore, we can equivalently rewrite the problem (6) as

min
B,F

max
i

tr
([

INb
+AH

i C−1
i Ai

]−1
)

(13a)

s.t. tr(F(HBBHHH + INr)F
H) ≤ Pr (13b)

tr(BBH) ≤ Ps. (13c)

The min-max problem (13) is highly nonconvex with matrix
variables, and an exactly optimal solution is very hard to
obtain with a reasonable computational complexity (non-
exhaustive searching). In the following, we propose a low
complexity solution to the problem (13).

It can be shown similar to [20] that for any B, the optimal
F for the transmitter-relay-ith receiver channel has a structure
of F = TiD

H , where D = (HBBHHH + INr)
−1HB.

Therefore, decomposition of F into

F = TDH (14)

is optimal for all receivers, which is also optimal with respect
to the min-max problem (13). Interestingly, D can be viewed
as the weight matrix of the linear MMSE receiver for the first-
hop MIMO channel at the relay node given by (1), and T can
be treated as the transmit precoding matrix for the effective
second-hop MIMO multicasting system yi = GiTx + vi,
i = 1, · · · , L, where x is the transmitted signal vector and vi

is the noise vector.
Using the optimal F in (14), the MSE of the signal wave-

form estimation at the ith receiver in (12) can be equivalently
rewritten as the sum of two individual MSEs

Ei = tr
([

INb
+BHHHHB

]−1
)

+tr
([

R−1 +THGH
i GiT

]−1
)
, i = 1, · · · , L(15)

where

R = BHHH(HBBHHH + INr)
−1HB. (16)

Note that the first term in (15) tr
([
INb

+ BHHHHB
]−1)

is actually the MSE of estimating the signal vector s from
the received signal vector (1) at the relay node using the
linear MMSE receiver D, while the second term in (15)
tr
([
R−1 +THGH

i GiT
]−1)

can be viewed as the increment
of the MSE introduced by the second-hop. Interestingly,
matrix R in (16) is in fact the covariance matrix of z � DHyr

as R = E[zzH ] = DHE[yry
H
r ]D. It can be seen from (15)

that the effect of noise in the first-hop is reflected by INb
in

the first term and that of the second-hop is reflected by R−1

in the second term. Using the optimal structure of F in (14),
the relay power consumption tr(F(HBBHHH + INr)F

H) is
equivalent to tr(TRTH). Therefore, the problem (13) can be
equivalently rewritten as

min
B,T

max
i

tr
([

INb
+BHHHHB

]−1
)

+tr
([

R−1 +THGH
i GiT

]−1
)

(17a)

s.t. tr(TRTH) ≤ Pr (17b)

tr(BBH) ≤ Ps. (17c)

By applying the matrix inversion lemma (A+BCD)
−1

=

A−1 −A−1B
(
DA−1B+C−1

)−1
DA−1, matrix R can be

rewritten as

R = BHHH(INr−HB
(
BHHHHB+ INb

)−1

BHHH)
HB

= BHHHHB
(
BHHHHB+ INb

)−1

. (18)

An interesting observation from (18) is that with increasing
first-hop SNR, the term BHHHHB approaches to infinity.
And at a (moderately) high SNR level, there is BHHHHB �
INb

. Here for matrices X and Y, X � Y indicates that the
eigenvalues of (X − Y) are much greater than zero. Thus
we can strictly upper-bound R as INb

for the high SNR
case [21]. As a consequence, tr

([
R−1 + THGH

i GiT
]−1)

in (17a) is upper-bounded by tr
([
INb

+ THGH
i GiT

]−1)
,

i = 1, · · · , L, as shown below: R ≺ INb
−→ R−1 �

INb
−→ R−1 + THGH

i GiT � INb
+ THGH

i GiT −→[
R−1 + THGH

i GiT
]−1 ≺ [

INb
+ THGH

i GiT
]−1 −→

tr
([
R−1 +THGH

i GiT
]−1)

< tr
([
INb

+THGH
i GiT

]−1)
.

Here for matrices A and B, A ≺ B means B−A is a positive
definite matrix, and A � B means A−B is a positive definite
matrix. The tightness of this bound increases with the first-hop
SNR. Therefore, the problem (17) can be approximated as

min
B,T

max
i

tr
([

INb
+BHHHHB

]−1
)

+tr
([

INb
+THGH

i GiT
]−1

)
(19a)

s.t. tr(TTH) ≤ Pr (19b)

tr(BBH) ≤ Ps. (19c)

We would like to mention that since tr(TTH) > tr(TRTH),
if tr(TTH) = p, then tr(TRTH) < p. This indicates that
due to the approximation in (19b), the transmission power
available at the relay node is not fully utilized in the case of
the low first-hop SNR. We can simply scale the relay matrix
obtained from solving the problem (19) to compensate such
slight loss and make the best use of the available power budget
at the relay node. We can justify the need for the scaling
operation as follows. Assuming that T1 = cT2 with c > 1, it
can be seen from (19a) that tr

([
INb

+TH
1 GH

i GiT1

]−1
)
=

tr
([
INb

+c2TH
2 GH

i GiT2

]−1
)

<

tr
([
INb

+TH
2 GH

i GiT2

]−1
)

. Therefore, the entire power
should be utilized to minimize (19a).

Interestingly, it can be seen from the problem (19) that T
does not affect the first term of the objective function (19a)
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and B is irrelevant to the second term of (19a). This fact
implies that the objective function (19a) and the constraints
(19b) and (19c) are decoupled with respect to the optimization
variables B and T. In this case, matrix B can be determined
independent of T, and vice-versa, which greatly simplifies
the design of the transmit and relay matrices. Therefore, with
the (relatively) high first-hop SNR assumption, the problem
(19) can be decomposed into the following transmit precoding
matrix optimization problem

min
B

tr
([

INb
+BHHHHB

]−1
)

(20a)

s.t. tr(BBH) ≤ Ps (20b)

and the relay precoding matrix optimization problem

min
T

max
i

tr
([

INb
+THGH

i GiT
]−1

)
(21a)

s.t. tr(TTH) ≤ Pr. (21b)

Let H = UhΛhV
H
h denote the singular value decomposi-

tion (SVD) of H, where the dimensions of Uh, Λh, and Vh

are Nr×Nr, Nr×Ns, and Ns×Ns, respectively. We assume
that the main diagonal elements of Λh are arranged in de-
creasing order. According to Lemma 2 in [20], the transmitter
optimization problem (20) has a closed form solution with the
optimal structure of B given by

B = Vh,1Λb (22)

where Vh,1 contains the leftmost Nb columns of Vh and Λb is
an Nb ×Nb diagonal power loading matrix. Substituting the
optimal B in (22) back into (20) and using the Lagrangian
multiplier method [22], we find that the ith diagonal element
of Λb is given by

λb,i =

[
1

λh,i

(√
λh,i/μ− 1

)+
] 1

2

, i = 1, · · · , Nb

where (x)+ � max(x, 0), λh,i is the ith diagonal element of
Λh, and μ > 0 is the Lagrangian multiplier and the solution
to the nonlinear equation of

∑Nb

i=1
1

λh,i

(√
λh,i/μ−1

)+
= Ps.

By introducing TTH � Q, and using the matrix identity
tr
([

Im+Am×nBn×m

]−1
)
= tr

([
In+Bn×mAm×n

]−1
)
+

m− n, the problem (21) can be equivalently rewritten as

min
Q

max
i

tr
([

INd
+GiQGH

i

]−1
)
+Nb −Nd (23a)

s.t. tr(Q) ≤ Pr (23b)

Q � 0. (23c)

By introducing
[
INd

+GiQGH
i

]−1 � Yi, i = 1, · · · , L,
and a real-valued slack variable t, the problem (23) can be
equivalently transformed to

min
t,Q,{Yi}

t (24a)

s.t. tr(Yi) ≤ t, i = 1, · · · , L (24b)

tr(Q) ≤ Pr (24c)(
Yi INd

INd INd+GiQGH
i

)
� 0, i = 1, · · · , L (24d)

Q � 0 (24e)

where {Yi} � {Yi, i = 1, · · · , L} and we use the Schur
complement to obtain (24d). Note that in the above for-
mulation, t provides an MSE upper-bound for the relay-
receiver channels. The problem (24) is an SDP problem which
can be efficiently solved by the interior-point method at a
maximal complexity order of O(

(N2
r +L+1)3.5

)
[24]. Since

most of the computation task in solving the problem (20)
involves performing SVD and calculating the power loading
parameters, the computation overhead is negligible compared
with that of solving the problem (24). Note that the problem
(19) can also be directly formulated as an SDP problem
which can be solved using interior point-based solvers at a
complexity order that is at most O(

(N2
s +N2

r + L + 2)3.5
)
.

Therefore, solving the decoupled transmit and relay precoding
problems (20) and (21) has a much smaller computational
complexity compared with directly solving the problem (19),
especially in the case of large Ns.

B. Minimal Total Power-Based Transmitter and Relay Design

In this scheme, we aim at minimizing the total transmitter
and relay power consumption satisfying the target QoS re-
quirements at all receivers. This criterion is important when
certain QoS level must be maintained at each receiver. We
choose the MSE of the signal waveform estimation at the
receiver as the QoS metric. The multicasting MIMO relay
system tries to satisfy the given required QoS (maximal
allowable MSE) with the minimal total transmission power.
Thus the optimization problem can be written as

min
B,F

tr(F(HBBHHH + INr)F
H) + tr(BBH) (25a)

s.t. tr
([

INb
+AH

i C−1
i Ai

]−1
)
≤ εi, i = 1, · · · , L (25b)

where εi is the maximal allowable MSE at the ith receiver.
In almost all situations, the problem (25) is feasible for
εi ≥ 0, i = 1, · · · , L. The only exception is when the
channel matrices are ‘ill’, for example H = 0, or Gi = 0.
Obviously, since channel matrices are random, the probability
of having ill channel matrices is zero in practice. Similar to
the problem (13), the problem (25) is highly nonconvex with
matrix variables.

It can be shown similar to [20] that the optimal structure of
F for the problem (25) is given by (14). Then, the problem
(25) can be equivalently converted to the following problem

min
B,T

tr(TRTH) + tr(BBH) (26a)

s.t. tr
([

INb
+BHHHHB

]−1
)

+tr
([
R−1+THGH

i GiT
]−1

)
≤ εi, i = 1, · · · , L.(26b)

Similar to Section III-A, we have tr
([
R−1+THGH

i GiT
]−1)

≤ tr
([
INb

+THGH
i GiT

]−1)
, and at a relatively high first-

hop SNR, the problem (26) can be approximated (relaxed) to
the problem of

min
B,T

tr(TTH) + tr(BBH) (27a)

s.t. tr
([

INb
+BHHHHB

]−1
)

+tr
([

INb
+THGH

i GiT
]−1

)
≤ εi, i = 1, · · · , L.(27b)
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By introducing BBH � P and
[
INr +HPHH

]−1 � X,
the problem (27) can be transformed to the following SDP
problem

min
P,Q,X,{Yi}

tr(P) + tr(Q) (28a)

s.t. tr(X) + tr(Yi) ≤ εi +Nd +Nr − 2Nb

i = 1, · · · , L (28b)(
X INr

INr INr+HPHH

)
� 0 (28c)

(
Yi INd

INd INd+GiQGH
i

)
� 0, i = 1, · · · , L (28d)

P � 0, Q � 0 (28e)

where the Schur complement is used to obtain (28c). Note that
unlike the problem (19), the problem (28) is not decoupled
due to the constraint (28b) which couples tr(X) and tr(Yi).
However, we can use the CVX software package [23] to solve
the SDP problem (28) at a complexity order that is at most
O(

(N2
s +N2

r + L)3.5
)

and is usually much less [3].
We would like to mention that for a point-to-point two-

hop MIMO relay system, it has been shown in [21] through
numerical examples that the high first-hop SNR approxima-
tion provides negligible performance loss in all SNR range
in comparison to the optimal designs. For the multicasting
MIMO relay system addressed in this paper, the exactly
optimal solution for the transmit and relay precoding matrices
are intractable. However, by using the high first-hop SNR
approximation, the nearly optimal transmit and relay matrices
can be designed with a significantly reduced computational
complexity.

Although a two-hop multicasting MIMO relay system is
considered in this paper, the simplified algorithm proposed in
Section III.A.2 and the algorithm developed in Section III.B
can be straightforwardly extended to the multi-hop scenario
with multiple relays in series by using the high SNR upper-
bound technique, as in [20].

IV. TRANSMITTER AND RELAY OPTIMIZATION FOR

SINGLE DATA STREAM MULTICASTING

The transmit and relay precoding matrices developed in
the last section are applicable for the general case of multi-
datastream multicasting. In this section, we derive the solution
for the min-max MSE and the total power minimization prob-
lems for the special case of single data stream multicasting
in two-hop MIMO relay systems. In the case where the
transmitter multicasts a single data stream s, i.e., Nb = 1,
the received signal vector at the ith receiver can be written as

yd,i = GiF (Hbs+ vr) + vd,i, i = 1, · · · , L (29)

where b is the Ns × 1 transmit beamforming vector. In
the following, we solve the min-max MSE and the total
network transmission power minimization problems for the
system in (29). In particular, we establish an interesting link
between the relay precoding matrix in a two-hop MIMO
multicasting system and the transmit beamformer in a single-
hop multicasting system.

A. Min-Max MSE-Based Transmitter and Relay Design

Using a linear MMSE receiver wi ((7) with Nb = 1) at the
ith receiver to estimate s from (29), it can be shown similar
to (12) that the MSE of the signal waveform estimation can
be written as

ei=
[
1+(GiFHb)H

(
GiFF

HGH
i +INd

)−1
GiFHb

]−1

i = 1, · · · , L. (30)

Similar to Section III-A, the worst-case MSE minimization
problem for a single data stream multicasting MIMO relay
system can be formulated as

min
b,F

max
i

[
1+(GiFHb)H(GiFF

HGH
i +INd)

−1GiFHb
]−1

(31a)

s.t. tr(F(HbbHHH + INr)F
H) ≤ Pr (31b)

bHb ≤ Ps. (31c)

We would like to mention that for the single data stream
multicasting case, minimizing the MSE of the signal waveform
estimation is equivalent to maximizing the receive SNR, and
thus, the transmitter-receiver mutual information (MI).

Let Gi = UiΛiV
H
i denote the SVD of Gi, i = 1, · · · , L,

where the dimensions of Ui, Λi, and Vi are Nd × Nd,
Nd×Nr, and Nr×Nr, respectively. We assume that the main
diagonal elements of Λi are arranged in decreasing order.
According to the unified framework developed in [25], the
optimal transmitter forms a “beam” along the direction of the
strongest singular value of the transmitter-relay channel and
hence, the transmit beamforming vector is given by

b = vh,1

√
Ps (32)

where vh,1 is the leftmost column of Vh. Moreover, the
optimal relay precoding matrix is given by F = αivi,1u

H
h,1 for

the transmitter-relay-ith receiver channel [25], where αi, i =
1, · · · , L, is the power loading factor at the relay node, uh,1

and vi,1 are the leftmost columns of Uh and Vi, i = 1, · · · , L,
respectively.

Although the optimal F for the ith receiver depends on Gi,
it can be seen from the discussion above that F has the generic
optimal structure of

F = fuH
h,1 (33)

which is optimal for all receivers. Here vector f remains to
be optimized. Using (32) and (33), the MSE in (30) can be
rewritten as

ei =
[
1 + Psλ

2
h,1f

HGH
i

(
Giff

HGH
i + INd

)−1
Gif

]−1

i = 1, · · · , L (34)

where λh,1 is the largest singular value of H. From (32) and
(33), the relay transmit power (31b) becomes

tr
(
Psλ

2
h,1ff

H + ffH
)
= fHf

(
Psλ

2
h,1 + 1

)
.

Applying the matrix inversion lemma, (34) can be equivalently
rewritten as

ei =

[
1 +

Psλ
2
h,1f

HGH
i Gif

fHGH
i Gif + 1

]−1

=

[
1 + Psλ

2
h,1 −

Psλ
2
h,1

fHGH
i Gif + 1

]−1

, i = 1, · · · , L.(35)
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Note that minimizing the MSE in (35) is equivalent to maxi-
mizing fHGH

i Gif which in fact determines the SNR at the ith
receiver in a single-hop (relay-receiver channel in this case)
MIMO multicasting system. Therefore, the min-max MSE
problem (31) is equivalent to the following max-min SNR
optimization problem

max
f

min
i

fHGH
i Gif (36a)

s.t. fHf ≤ Pr

Psλ2
h,1 + 1

. (36b)

Interestingly, the problem (36) is equivalent to a max-min
transmit beamforming problem for a single-hop multicasting
system, which can be efficiently solved using standard tech-
niques such as rank relaxations at a maximal complexity order
of O(

(N2
r + L+ 1)3.5

)
[3].

B. Minimal Total Power-Based Transmitter and Relay Design

For single data stream multicasting, the design of the trans-
mit beamformer and the relay precoding matrix that minimize
the total network transmission power, subjecting to constraints
on the MSE of the signal waveform estimation at each user
(30), can be written as the following problem

min
b,F

tr(F(HbbHHH + INr)F
H) + bHb (37a)

s.t.
[
1+(GiFHb)H(GiFF

HGH
i +INd

)−1GiFHb
]−1

≤ εi, i = 1, · · · , L. (37b)

It can be shown similar to [26] that the optimal transmit
beamformer and relay precoding matrix as the solution to the
problem (37) has the generic structure of b = vh,1

√
P1 and

F = fuH
h,1, respectively, where P1 > 0 is the power required

at the transmitter for multicasting a single data stream and
remains to be optimized.

Based on the optimal structure of b and F, and using
(35), the QoS-constrained problem (37) can be equivalently
converted to the following problem

min
P1,f

P1 +
(
P1λ

2
h,1 + 1

)
fHf (38a)

s.t.
P1λ

2
h,1f

HGH
i Gif

fHGH
i Gif + 1

≥ ηi, i = 1, · · · , L (38b)

where ηi � 1
εi
−1 can be viewed as the minimal SNR required

at the ith receiver. The problem (38) is still nonconvex.
However, it can be seen from (38b) that for a given P1, there
is fHGH

i Gif ≥ βi for βi � ηi

P1λ2
h,1−ηi

> 0, i = 1, · · · , L.

Thus, for a given P1, the problem (38) reduces to

min
f

fH f (39a)

s.t. fHGH
i Gif ≥ βi, i = 1, · · · , L. (39b)

The problem (39) is equivalent to the minimal transmission
power beamforming problem for a single-hop multicasting
system [3]. Note that the problem (39) can be solved using
standard SDR techniques at a complexity order that is at most
O(

(N2
r + L)3.5

)
[3].

Now we show some insights on the optimal P1 by consid-
ering the objective function (38a). Obviously, it can be seen
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Fig. 2. Function (38a) versus P1. L = 6, Ns = 6, Nr = 3, Nd = 3,
λh,1 = 1.5345, ηi = η = 20dB.

from the definition of βi that P1λ
2
h,1 > ηi, i = 1, · · · , L.

In other words, the lower-bound of the feasible region of
P1 is maxi(ηi)/λ

2
h,1. When P1 is very close to its lower

bound ηM/λ2
h,1, βM = ηM

P1λ2
h,1−ηM

> 0 is a very large

number, where M � argmaxi(ηi). As a result, fHf as the
solution to the problem (39) is a large number, leading to a
large value of (38a). When P1 increases from ηM/λ2

h,1, βM

decreases, and the value of (38a) starts to decrease since the
decrease of fHf dominates the increase of P1. The value of
(38a) keeps decreasing as P1 increases till a ‘turning point’
where the increase of P1 starts to dominate the decrease of
fH f . After such turning point, the value of (38a) increases
monotonically as P1 increases. To validate the analysis, a
plot of the objective function (38a) over the range of feasible
values of P1 is generated in Fig. 2 for the case of L = 6,
Ns = 6, Nr = 3, Nd = 3, λh,1 = 1.5345, and ηi = η is set
to be 20dB. Here for each P1, the problem (39) is solved
to obtain the optimal f . It can be observed from Fig. 2 that
the objective function (38a) is a unimodal function of P1. An
efficient method of locating the minimal value of a unimodal
function is the golden section searching (GSS) algorithm [27].
Hence, the optimal P1 for the problem (38) can be obtained
by applying the GSS technique.

Now the problem (38) can be solved through an iterative
approach. For a fixed P1, the problem (39) is solved to obtain
f , then P1 is updated based on value of (38a) using the GSS
technique. Then the problem (39) is solved again to update f
according to the new P1. This iterative procedure continues till
the convergence of the GSS algorithm. Note that the solution
of P1 and f based on the GSS technique and solving the
problem (39) with the SDR technique provides a suboptimal
solution to the problem (38).

V. NUMERICAL EXAMPLES

In this section, we study the performance of the proposed
two-hop multicasting MIMO relay optimization algorithms
through numerical simulations. The transmitter, relay node,
and receivers are equipped with Ns, Nr, and Nd antennas,
respectively. We simulate a flat Rayleigh fading environment
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where the channel matrices have entries with zero mean and
variances 1/Ns and 1/Nr, for H and Gi, i = 1, · · · , L,
respectively. All simulation results are averaged over 500
independent channel realizations.

We compare the performance of the proposed min-max
MSE algorithm in Section III-A with the naive amplify-and-
forward (NAF) algorithm and the pseudo match-and-forward
(PMF) algorithm in terms of both MSE and BER. For the
NAF scheme, we use

B =
√
Ps/Ns INs , F =

√
Pr/tr(HBBHHH + INr) INr .

For the PMF algorithm, the same B in the NAF algorithm is
taken and

F =

√
Pr/tr((HG)H(HBBHHH + INr)HG) (HG)H

where we randomly pick G from among the relay-receiver
channels Gi, i = 1, · · · , L. Both the NAF and the PMF
algorithms adopt the MMSE receiver at all receivers.

In the first example, we compare the performance of the
proposed iterative and simplified algorithms with the other two
approaches in terms of the MSE normalized by the number of
data streams (NMSE) for L = 2 and Nb = Ns = Nr = Nd =
3. Fig. 3 shows the MSE performance of all tested algorithms
versus Ps with Pr = 20dB. For the simplified algorithm in
Section III.A.2, we plot the NMSE of the user with the worst
channel (Worst) and the average of all the users (Avg.) along
with the MSE upper-bound (UB), which is (19a). For the
iterative algorithm in Section III.A.1, the NMSE of the worst
channel is shown. Our results clearly demonstrate the better
performance of the proposed joint transmitter and relay opti-
mization algorithms. It can be seen that the proposed iterative
algorithm consistently yield the lowest worst-user MSE over
the entire Ps region. The worst-user MSE is always better than
the MSE upper-bound. The NAF and PMF algorithms have
much higher MSE compared with the proposed scheme even
with very high transmission power. It can also be observed
from Fig. 3 that the iterative and simplified algorithms have
a similar worst-user MSE performance (curves marked with
‘∗’ and ‘×’ respectively), even at low SNRs. This indicates
that the (moderately) high first-hop SNR assumption in the
simplified algorithm introduces negligible performance loss in
the whole SNR range in comparison to the iterative design.
Note that the computational complexity of the simplified
algorithm is less than the complexity of one iteration of
the iterative algorithm, making it very attractive for practical
MIMO relay multicasting systems. We will focus on the
simplified algorithm in the following simulation examples.

In the second example, we compare the MSE performance
of the simplified algorithm for different number of receivers.
We set Nb = Ns = Nr = Nd = 3. Fig. 4 shows the
MSE upper-bound and the worst-user MSE of the simplified
algorithm versus Pr with Ps = 20dB. It can be clearly seen
from Fig. 4 that as the number of receivers increases, the MSE
upper-bound and the worst-user MSE keep increasing. This is
reasonable since it is more likely to find a worse relay-receiver
channel among the increased number of users and we choose
the worst-user MSE as the objective function.

In the next example, we compare the performance of the
simplified min-max MSE algorithm with the NAF and PMF
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Fig. 3. Example 1: Normalized MSE versus Ps. L = 2, Nb = Ns = Nr =
Nd = 3, Pr = 20dB.
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Fig. 4. Example 2: Normalized MSE versus Pr. Varying number of receivers,
Nb = Ns = Nr = Nd = 3, Ps = 20dB.

algorithms in terms of BER. QPSK signal constellations are
used to modulate the transmitted signals. We set L = 2,
Nb = 2, Ns = 4, Nr = 2, Nd = 4, and multicast Nb × 1000
randomly generated bits from the transmitter in each channel
realization. Fig. 5 shows the BER performance of all tested
algorithms versus Ps with Pr = 20dB. It can be seen from
Fig. 5 that the proposed simplified joint transmitter and relay
optimization algorithm obtains the lowest BER compared
with the other approaches. Even the worst-user BER of the
proposed simplified algorithm is always much better than that
of the NAF and the PMF schemes.

In the next example, we compare the average- and the
worse-user BERs of the simplified algorithm for different
number of receivers. This time we set Nb = 2, Ns = 4,
Nr = 2, and Nd = 4. Fig. 6 shows the BER performance
of the simplified algorithm versus Ps with Pr = 20dB for
different number of receivers. It can be clearly seen from
Fig. 6 that as we increase the number of receivers, the worst-
user BER keeps increasing which is analogous to the MSE
performance that we observed in Fig. 4. However, the average
BERs of the users are almost similar for different number of
receivers.

In the fifth example, we study the performance of the
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Fig. 5. Example 3: BER versus Ps. L = 2, Nb = 2, Ns = 4, Nr = 2,
Nd = 4, Pr = 20dB.
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Fig. 6. Example 4: BER versus Ps. Varying number of receivers, Nb = 2,
Ns = 4, Nr = 2, Nd = 4, Pr = 20dB.

total power minimization algorithm proposed in Section III-B
for different number of receivers. For simplicity, we assume
εi = ε, i = 1, · · · , L. Fig. 7 shows the total network
transmission power versus the target MSE threshold ε for
Nb = Ns = Nr = Nd = 3. Here the UB refers to (28a).
From Fig. 7, it is obvious that more transmission power is
required to multicast to a larger number of receivers assuring
the same minimal MSE threshold at each receiver. The reason
is that the proposed algorithm applies transmission power to
satisfy the MSE requirement at all receivers. As the number of
users increases, more transmission power is needed to combat
the worst relay-receiver channel.

In the next two examples, we study the MI performance of
the proposed single data stream two-hop multicasting MIMO
relay algorithm developed in Section IV-A. The MI of the
transmitter-relay-ith receiver channel is calculated based on

(35) as log2

(
1 + Psλ

2
h,1 −

Psλ
2
h,1

fHGH
i Gif+1

)
. Firstly, the average

MI and the worst user MI of the proposed algorithm versus
Ps are shown in Fig. 8 for L = 6, Ns = 6, Nr = 3, Nd = 3,
and Pr = 20dB. From Fig. 8, we can see that even the worst-
channel user can have a comparable MI performance with the
average MI. In Fig. 9, the MI performance of the proposed
algorithm versus the number of receivers L is plotted with
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Fig. 7. Example 5: Total power versus target MSE ε. Varying number of
receivers, Nb = Ns = Nr = Nd = 3.
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Fig. 8. Example 6: Per-user MI versus Ps. L = 6, Nb = 1, Ns = 6,
Nr = 3, Nd = 3, Pr = 20dB.

Ns = 6, Nr = 3, Nd = 3, and Ps = Pr = 20dB. Note
that with the increasing number of receivers, the MI keeps
decreasing as is also observed in [4]. It can also be seen from
Fig. 9 that the worst user MI decreases slowly with increasing
L. It has been shown in [4] that the multicast rate converges
to zero when the number of users L approaches to infinity.

In the last example, the total powers required for multicas-
ting a single data stream among different number of receivers
are compared. We use the GSS algorithm [27] to find the
optimal P1 for each target SNR threshold. The optimal relay
precoding matrix is obtained by solving the problem (38) as is
described in Section IV-B. For simplicity, we assume ηi = η,
i = 1, · · · , L. Fig. 10 illustrates the total powers required for
L = 2, 4, and 6 versus target SNR threshold η with Ns = 6,
Nr = 3, and Nd = 3. Since Nb = 1 is a special case of
the system in Section III.B, the performance of the algorithm
based on solving the problem (28) is also shown in Fig. 10.
It is notable that the gap among the total powers required
for different number of receivers is small. This is because
the power required by the multicasting system in this paper
depends on the worst transmitter-relay-receiver channel. In this
example, the number of antennas in each node is much larger
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Fig. 9. Example 7: Per-user MI versus number of users L. Nb = 1, Ns = 6,
Nr = 3, Nd = 3, Ps = Pr = 20dB.
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Fig. 10. Example 8: Total power versus target SNR η. Varying number of
receivers, Nb = 1, Ns = 6, Nr = 3, Nd = 3.

than the number of data streams (Nb = 1). This averages out
the random channel leading to the so-called channel hardening
effect. In other words, in the system in Fig. 10, the statistics
of the worst channel among L = 4 receivers is very close to
that of the worst channel among L = 6 receivers. Therefore,
the power required by L = 4 and L = 6 systems is very
close. It can also be seen from Fig. 10 that due to the
high first-hop SNR approximation, the algorithm based on
solving the problem (28) yields larger total power consumption
compared with the algorithm based on solving the problem
(38). However, since the problem (38) is solved through
an iterative approach where the subproblem (39) is solved
using the SDR technique in each iteration, the computational
complexity involved in solving (38) is higher than that of the
problem (28). Such performance-complexity tradeoff is useful
in practical MIMO relay multicasting systems.

VI. CONCLUSIONS

We considered a two-hop multicasting MIMO relay system
with multi-antenna nodes and proposed transmit and relay
precoding matrices based on two design criteria. Firstly, the
worst-case MSE was minimized subjecting to power con-
straints at the transmitter and the relay node. Secondly, we

proposed a total network transmission power minimization
strategy subjecting to QoS constraints. Under some mild ap-
proximation, we showed that the problems can be solved with
a significantly smaller computational complexity. In addition,
for the special case of single data stream multicasting, we
established an interesting link between the relay precoding
matrix in a two-hop MIMO multicasting system and the
transmit beamformer in a single-hop multicasting system.
Simulation results demonstrated that the proposed transmitter
and relay design outperforms the existing techniques.

ACKNOWLEDGMENT

The authors would like to thank the editor and anonymous
reviewers for their valuable comments and suggestions that
improved the quality of the paper.

REFERENCES

[1] D. Tse and P. Viswanath, Fundamentals of Wireless Communication.
Cambridge University Press, 2005.

[2] M. A. Khojastepour, A. Salehi-Golsefidi, and S. Rangarajan, “Towards
an optimal beamforming algorithm for physical layer multicasting,” in
Proc. 2011 IEEE Inf. Theory Workshop, pp. 395–399.

[3] N. D. Sidiropoulos, T. N. Davidson, and Z.-Q. Luo, “Transmit beam-
forming for physical-layer multicasting,” IEEE Trans. Signal Process.,
vol. 54, pp. 2239–2251, June 2006.

[4] N. Jindal and Z.-Q. Luo, “Capacity limits of multiple antenna multicast,”
in Proc. 2006 IEEE ISIT, pp. 1841–1845.

[5] S. Y. Park and D. J. Love, “Capacity limits of multiple antenna mul-
ticasting using antenna subset selection,” IEEE Trans. Signal Process.,
vol. 56, pp. 2524–2534, June 2008.

[6] S. Y. Park, D. J. Love, and D. H. Kim, “Capacity limits of multi-antenna
multicasting under correlated fading channels,” IEEE Trans. Commun.,
vol. 58, pp. 2002–2013, July 2010.

[7] E. Chiu and V. Lau, “Precoding design for multi-antenna multicast
broadcast services with limited feedback,” IEEE Syst. J., vol. 4, pp.
550–560, Dec. 2010.

[8] Q. Li and W.-K. Ma, “Multicast secrecy rate maximization for MISO
channels with multiple multi-antenna eavesdroppers,” in Proc. 2011
IEEE ICC.

[9] S. X. Wu and W.-K. Ma, “Multicast transmit beamforming using a
randomize-in-time strategy,” in Proc. 2011 IEEE ICASSP, pp. 3376–
3379.

[10] E. Matskani, N. D. Sidiropoulos, Z.-Q. Luo, and L. Tassiulas, “Efficient
batch and adaptive approximation algorithms for joint multicast beam-
forming and admission control,” IEEE Trans. Signal Process., vol. 57,
pp. 4882–4894, Dec. 2009.

[11] N. Bornhorst and M. Pesavento, “An iterative convex approximation
approach for transmit beamforming in multi-group multicasting,” in
Proc. 2011 IEEE Int. Workshop Signal Process. Adv. Wireless Commun.,
pp. 426–430.

[12] D. Senaratne and C. Tellambura, “Beamforming for physical layer
multicasting,” in Proc. 2011 IEEE WCNC, pp. 1776–1781.

[13] M. A. Khojastepour, A. Khajehnejad, K. Sundaresan, and S. Rangarajan,
“Adaptive beamforming algorithms for wireless link layer multicasting,”
in Proc. 2011 IEEE PIMRC, pp. 1994–1998.

[14] M. Kaliszan, E. Pollakis, and S. Stańczak, “Efficient beamforming
algorithms for MIMO multicast with application-layer coding,” in Proc.
2011 IEEE ISIT, pp. 928–932.

[15] N. Bornhorst, M. Pesavento, and A. B. Gershman, “Distributed beam-
forming for multi-group multicasting relay networks,” IEEE Trans.
Signal Process., vol. 60, pp. 221–232, Jan. 2012.

[16] H. Xu, J. Jin, and B. Li, “YMMV: multiple session multicast with
MIMO,” in Proc. 2011 IEEE GLOBECOM.

[17] H. Zhang, X. You, G. Wu, and H. Wang, “Cooperative multi-antenna
multicasting for wireless networks,” in Proc. 2010 IEEE GLOBECOM.

[18] D. P. Palomar and Y. Jiang, MIMO Transceiver Design via Majorization
Theory. Now Publishers, 2007.

[19] S. M. Kay, Fundamentals of Statistical Signal Processing: Estimation
Theory. Prentice Hall, 1993.

[20] Y. Rong, “Simplified algorithms for optimizing multiuser multi-hop
MIMO relay systems,” IEEE Trans. Commun., vol. 59, pp. 2896–2904,
Oct. 2011.



KHANDAKER and RONG: PRECODING DESIGN FOR MIMO RELAY MULTICASTING 3555

[21] C. Song, K.-J. Lee, and I. Lee, “MMSE based transceiver designs in
closed-loop non-regenerative MIMO relaying systems,” IEEE Trans.
Wireless Commun., vol. 9, pp. 2310–2319, July 2010.

[22] S. Boyd and L. Vandenberghe, Convex Optimization. Cambridge Uni-
versity Press, 2004.

[23] M. Grant and S. Boyd, “CVX: Matlab software for disciplined convex
programming (web page and software),” Apr. 2010. Available: http://
cvxr.com/cvx

[24] Y. Nesterov and A. Nemirovski, Interior Point Polynomial Algorithms
in Convex Programming. SIAM, 1994.

[25] Y. Rong, X. Tang, and Y. Hua, “A unified framework for optimizing lin-
ear non-regenerative multicarrier MIMO relay communication systems,”
IEEE Trans. Signal Process., vol. 57, pp. 4837–4851, Dec. 2009.

[26] Y. Rong, “Multi-hop non-regenerative MIMO relays—QoS considera-
tions,” IEEE Trans. Signal Process., vol. 59, pp. 290–303, Jan. 2011.

[27] W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. P. Flannery, Nu-
merical Recipes: The Art of Scientific Computing. Cambridge University
Press, 2007.

Muhammad R. A. Khandaker (S’10-M’13) re-
ceived the bachelor of science (Honours) degree in
computer science and engineering from Jahangir-
nagar University, Dhaka, Bangladesh, in 2006, the
master of science degree in telecommunications
engineering from East West University, Dhaka,
Bangladesh, in 2007, and the Ph.D. degree in elec-
trical engineering from Curtin University, Australia,
in 2013.

Mr. Khandaker started his career as a Jr. Hard-
ware Design Engineer for Visual Magic Corporation

Limited (VMCL-BD) in November 2005. He joined as a Lecturer in the
Department of Computer Science and Engineering, IBAIS University, Dhaka,
Bangladesh, in January 2006. In November 2007, he joined as a Lecturer in
the Department of Information and Communication Technology of Mawlana
Bhasani Science and Technology University, Bangladesh. Finally, he joined
as a Lecturer in the Institute of Information Technology, Jahangirnagar
University, Dhaka, Bangladesh, in January 2008.

He was awarded the Curtin International Postgraduate Research Scholarship
(CIPRS) for his Ph.D. study in 2009. He also received the Best Paper Award
at the 16th Asia-Pacific Conference on Communications, Auckland, New
Zealand, 2010.

Yue Rong (S’03-M’06-SM’11) received the Ph.D.
degree (summa cum laude) in electrical engineering
from Darmstadt University of Technology, Darm-
stadt, Germany, in 2005.

He was a Post-Doctoral Researcher with the
Department of Electrical Engineering, University
of California, Riverside, from February 2006 to
November 2007. Since December 2007, he has been
with the Department of Electrical and Computer
Engineering, Curtin University, Bentley, Australia,
where he is currently an Associate Professor. His

current research interests include signal processing for communications,
wireless communications, applications of linear algebra and optimization
methods, and statistical and array signal processing.

Dr. Rong was a recipient of the Best Paper Award at the 2011 International
Conference on Wireless Communications and Signal Processing, the Best
Paper Award at the 2010 Asia-Pacific Conference on Communications, and
the Young Researcher of the Year Award of the Faculty of Science and
Engineering at Curtin University in 2010. He is an Editor of IEEE WIRELESS

COMMUNICATIONS LETTERS, a Guest Editor for the IEEE JOURNAL ON

SELECTED AREAS IN COMMUNICATIONS, special issue on theories and
methods for advanced wireless relays, and has been a TPC Member for IEEE
ICC, WCSP, IWCMC, and ChinaCom.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /ACaslonPro-Bold
    /ACaslonPro-BoldItalic
    /ACaslonPro-Italic
    /ACaslonPro-Regular
    /ACaslonPro-Semibold
    /ACaslonPro-SemiboldItalic
    /AdobeFangsongStd-Regular
    /AdobeHeitiStd-Regular
    /AdobeKaitiStd-Regular
    /AdobeMingStd-Light
    /AdobeMyungjoStd-Medium
    /AdobeSongStd-Light
    /AGaramondPro-Bold
    /AGaramondPro-BoldItalic
    /AGaramondPro-Italic
    /AGaramondPro-Regular
    /AgencyFB-Bold
    /AgencyFB-Reg
    /Aharoni-Bold
    /Algerian
    /Andalus
    /AngsanaNew
    /AngsanaNew-Bold
    /AngsanaNew-BoldItalic
    /AngsanaNew-Italic
    /AngsanaUPC
    /AngsanaUPC-Bold
    /AngsanaUPC-BoldItalic
    /AngsanaUPC-Italic
    /Aparajita
    /Aparajita-Bold
    /Aparajita-BoldItalic
    /Aparajita-Italic
    /ArabicTypesetting
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialRoundedMTBold
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /BatangChe
    /Bauhaus93
    /BellGothicStd-Black
    /BellGothicStd-Bold
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BirchStd
    /BlackadderITC-Regular
    /BlackoakStd
    /BodoniMT
    /BodoniMTBlack
    /BodoniMTBlack-Italic
    /BodoniMT-Bold
    /BodoniMT-BoldItalic
    /BodoniMTCondensed
    /BodoniMTCondensed-Bold
    /BodoniMTCondensed-BoldItalic
    /BodoniMTCondensed-Italic
    /BodoniMT-Italic
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BradleyHandITC
    /BritannicBold
    /Broadway
    /BrowalliaNew
    /BrowalliaNew-Bold
    /BrowalliaNew-BoldItalic
    /BrowalliaNew-Italic
    /BrowalliaUPC
    /BrowalliaUPC-Bold
    /BrowalliaUPC-BoldItalic
    /BrowalliaUPC-Italic
    /BrushScriptMT
    /BrushScriptStd
    /Calibri
    /Calibri-Bold
    /Calibri-BoldItalic
    /Calibri-Italic
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /CalisMTBol
    /CalistoMT
    /CalistoMT-BoldItalic
    /CalistoMT-Italic
    /Cambria
    /Cambria-Bold
    /Cambria-BoldItalic
    /Cambria-Italic
    /CambriaMath
    /Candara
    /Candara-Bold
    /Candara-BoldItalic
    /Candara-Italic
    /Castellar
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ChaparralPro-Bold
    /ChaparralPro-BoldIt
    /ChaparralPro-Italic
    /ChaparralPro-Regular
    /CharlemagneStd-Bold
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /Consolas
    /Consolas-Bold
    /Consolas-BoldItalic
    /Consolas-Italic
    /Constantia
    /Constantia-Bold
    /Constantia-BoldItalic
    /Constantia-Italic
    /CooperBlack
    /CooperBlackStd
    /CooperBlackStd-Italic
    /CopperplateGothic-Bold
    /CopperplateGothic-Light
    /Corbel
    /Corbel-Bold
    /Corbel-BoldItalic
    /Corbel-Italic
    /CordiaNew
    /CordiaNew-Bold
    /CordiaNew-BoldItalic
    /CordiaNew-Italic
    /CordiaUPC
    /CordiaUPC-Bold
    /CordiaUPC-BoldItalic
    /CordiaUPC-Italic
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /CurlzMT
    /DaunPenh
    /David
    /David-Bold
    /DFKaiShu-SB-Estd-BF
    /DilleniaUPC
    /DilleniaUPCBold
    /DilleniaUPCBoldItalic
    /DilleniaUPCItalic
    /DokChampa
    /Dotum
    /DotumChe
    /Ebrima
    /Ebrima-Bold
    /EccentricStd
    /EdwardianScriptITC
    /Elephant-Italic
    /Elephant-Regular
    /EngraversMT
    /ErasITC-Bold
    /ErasITC-Demi
    /ErasITC-Light
    /ErasITC-Medium
    /EstrangeloEdessa
    /EucrosiaUPC
    /EucrosiaUPCBold
    /EucrosiaUPCBoldItalic
    /EucrosiaUPCItalic
    /EuphemiaCAS
    /FangSong
    /FelixTitlingMT
    /FootlightMTLight
    /ForteMT
    /FranklinGothic-Book
    /FranklinGothic-BookItalic
    /FranklinGothic-Demi
    /FranklinGothic-DemiCond
    /FranklinGothic-DemiItalic
    /FranklinGothic-Heavy
    /FranklinGothic-HeavyItalic
    /FranklinGothic-Medium
    /FranklinGothic-MediumCond
    /FranklinGothic-MediumItalic
    /FrankRuehl
    /FreesiaUPC
    /FreesiaUPCBold
    /FreesiaUPCBoldItalic
    /FreesiaUPCItalic
    /FreestyleScript-Regular
    /FrenchScriptMT
    /Gabriola
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Gautami-Bold
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /GiddyupStd
    /Gigi-Regular
    /GillSansMT
    /GillSansMT-Bold
    /GillSansMT-BoldItalic
    /GillSansMT-Condensed
    /GillSansMT-ExtraCondensedBold
    /GillSansMT-Italic
    /GillSans-UltraBold
    /GillSans-UltraBoldCondensed
    /Gisha
    /Gisha-Bold
    /GloucesterMT-ExtraCondensed
    /GoudyOldStyleT-Bold
    /GoudyOldStyleT-Italic
    /GoudyOldStyleT-Regular
    /GoudyStout
    /Gulim
    /GulimChe
    /Gungsuh
    /GungsuhChe
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /HoboStd
    /Impact
    /ImprintMT-Shadow
    /InformalRoman-Regular
    /IrisUPC
    /IrisUPCBold
    /IrisUPCBoldItalic
    /IrisUPCItalic
    /IskoolaPota
    /IskoolaPota-Bold
    /JasmineUPC
    /JasmineUPCBold
    /JasmineUPCBoldItalic
    /JasmineUPCItalic
    /Jokerman-Regular
    /JuiceITC-Regular
    /KaiTi
    /Kalinga
    /Kalinga-Bold
    /Kartika
    /Kartika-Bold
    /KhmerUI
    /KhmerUI-Bold
    /KodchiangUPC
    /KodchiangUPCBold
    /KodchiangUPCBoldItalic
    /KodchiangUPCItalic
    /Kokila
    /Kokila-Bold
    /Kokila-BoldItalic
    /Kokila-Italic
    /KozGoPro-Bold
    /KozGoPro-ExtraLight
    /KozGoPro-Heavy
    /KozGoPro-Light
    /KozGoPro-Medium
    /KozGoPro-Regular
    /KozMinPro-Bold
    /KozMinPro-ExtraLight
    /KozMinPro-Heavy
    /KozMinPro-Light
    /KozMinPro-Medium
    /KozMinPro-Regular
    /KristenITC-Regular
    /KunstlerScript
    /LaoUI
    /LaoUI-Bold
    /Latha
    /Latha-Bold
    /LatinWide
    /Leelawadee
    /Leelawadee-Bold
    /LetterGothicStd
    /LetterGothicStd-Bold
    /LetterGothicStd-BoldSlanted
    /LetterGothicStd-Slanted
    /LevenimMT
    /LevenimMT-Bold
    /LilyUPC
    /LilyUPCBold
    /LilyUPCBoldItalic
    /LilyUPCItalic
    /LithosPro-Black
    /LithosPro-Regular
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSans-Typewriter
    /LucidaSans-TypewriterBold
    /LucidaSans-TypewriterBoldOblique
    /LucidaSans-TypewriterOblique
    /LucidaSansUnicode
    /Magneto-Bold
    /MaiandraGD-Regular
    /MalgunGothic
    /MalgunGothicBold
    /MalgunGothicRegular
    /Mangal
    /Mangal-Bold
    /Marlett
    /MaturaMTScriptCapitals
    /Meiryo
    /Meiryo-Bold
    /Meiryo-BoldItalic
    /Meiryo-Italic
    /MeiryoUI
    /MeiryoUI-Bold
    /MeiryoUI-BoldItalic
    /MeiryoUI-Italic
    /MesquiteStd
    /MicrosoftHimalaya
    /MicrosoftJhengHeiBold
    /MicrosoftJhengHeiRegular
    /MicrosoftNewTaiLue
    /MicrosoftNewTaiLue-Bold
    /MicrosoftPhagsPa
    /MicrosoftPhagsPa-Bold
    /MicrosoftSansSerif
    /MicrosoftTaiLe
    /MicrosoftTaiLe-Bold
    /MicrosoftUighur
    /MicrosoftYaHei
    /MicrosoftYaHei-Bold
    /Microsoft-Yi-Baiti
    /MingLiU
    /MingLiU-ExtB
    /Ming-Lt-HKSCS-ExtB
    /Ming-Lt-HKSCS-UNI-H
    /MinionPro-Bold
    /MinionPro-BoldCn
    /MinionPro-BoldCnIt
    /MinionPro-BoldIt
    /MinionPro-It
    /MinionPro-Medium
    /MinionPro-MediumIt
    /MinionPro-Regular
    /MinionPro-Semibold
    /MinionPro-SemiboldIt
    /Miriam
    /MiriamFixed
    /Mistral
    /Modern-Regular
    /MongolianBaiti
    /MonotypeCorsiva
    /MoolBoran
    /MS-Gothic
    /MS-Mincho
    /MSOutlook
    /MS-PGothic
    /MS-PMincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MS-UIGothic
    /MVBoli
    /MyriadPro-Bold
    /MyriadPro-BoldCond
    /MyriadPro-BoldCondIt
    /MyriadPro-BoldIt
    /MyriadPro-Cond
    /MyriadPro-CondIt
    /MyriadPro-It
    /MyriadPro-Regular
    /MyriadPro-Semibold
    /MyriadPro-SemiboldIt
    /Narkisim
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NSimSun
    /NuevaStd-BoldCond
    /NuevaStd-BoldCondItalic
    /NuevaStd-Cond
    /NuevaStd-CondItalic
    /Nyala-Regular
    /OCRAExtended
    /OCRAStd
    /OldEnglishTextMT
    /Onyx
    /OratorStd
    /OratorStd-Slanted
    /PalaceScriptMT
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Papyrus-Regular
    /Parchment-Regular
    /Perpetua
    /Perpetua-Bold
    /Perpetua-BoldItalic
    /Perpetua-Italic
    /PerpetuaTitlingMT-Bold
    /PerpetuaTitlingMT-Light
    /PlantagenetCherokee
    /Playbill
    /PMingLiU
    /PMingLiU-ExtB
    /PoorRichard-Regular
    /PoplarStd
    /PrestigeEliteStd-Bd
    /Pristina-Regular
    /Raavi
    /RageItalic
    /Ravie
    /Rockwell
    /Rockwell-Bold
    /Rockwell-BoldItalic
    /Rockwell-Condensed
    /Rockwell-CondensedBold
    /Rockwell-ExtraBold
    /Rockwell-Italic
    /Rod
    /RosewoodStd-Regular
    /SakkalMajalla
    /SakkalMajallaBold
    /ScriptMTBold
    /SegoePrint
    /SegoePrint-Bold
    /SegoeScript
    /SegoeScript-Bold
    /SegoeUI
    /SegoeUI-Bold
    /SegoeUI-BoldItalic
    /SegoeUI-Italic
    /SegoeUI-Light
    /SegoeUI-SemiBold
    /SegoeUISymbol
    /ShonarBangla
    /ShonarBangla-Bold
    /ShowcardGothic-Reg
    /Shruti
    /Shruti-Bold
    /SimHei
    /SimplifiedArabic
    /SimplifiedArabic-Bold
    /SimplifiedArabicFixed
    /SimSun
    /SimSun-ExtB
    /SnapITC-Regular
    /Stencil
    /StencilStd
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TektonPro-Bold
    /TektonPro-BoldCond
    /TektonPro-BoldExt
    /TektonPro-BoldObl
    /TempusSansITC
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /TraditionalArabic
    /TraditionalArabic-Bold
    /TrajanPro-Bold
    /TrajanPro-Regular
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga
    /Tunga-Bold
    /TwCenMT-Bold
    /TwCenMT-BoldItalic
    /TwCenMT-Condensed
    /TwCenMT-CondensedBold
    /TwCenMT-CondensedExtraBold
    /TwCenMT-Italic
    /TwCenMT-Regular
    /Utsaah
    /Utsaah-Bold
    /Utsaah-BoldItalic
    /Utsaah-Italic
    /Vani
    /Vani-Bold
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vijaya
    /Vijaya-Bold
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Vrinda
    /Vrinda-Bold
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


