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Abstract—In this paper, we study multi-hop non-regenerative
multiple-input multiple-output (MIMO) relay communications
with any number of hops. We design the optimal source pre-
coding matrix and the optimal relay amplifying matrices for
such relay network where a nonlinear minimal mean-squared
error (MMSE)-decision feedback equalizer (DFE) is used at the
destination node. We first derive the structure of the optimal
source and relay matrices. Then based on the link between most
commonly used MIMO system design objectives and the diagonal
elements of the MSE matrix, we classify the objective functions
into two categories: Schur-convex and Schur-concave composite
objective functions. We show that when the composite objective
function is Schur-convex, the MMSE-DFE receiver together with
the optimal source and relay matrices enable an arbitrary
number of source symbols to be transmitted at one time, and
yield a significantly improved BER performance compared with
non-regenerative MIMO relay systems using linear receivers at
the destination. We also show that for Schur-concave composite
objective functions, the optimal source and relay matrices, and
the optimal feed-forward matrix at the destination node jointly
diagonalize the multi-hop MIMO relay channel, and thus in such
case, the nonlinear MMSE-DFE receiver is essentially equivalent
to a linear MMSE receiver.

Index Terms—MIMO relay network, multi-hop relay, MMSE,
DFE, non-regenerative relay, majorization.

I. INTRODUCTION

ULTI-HOP relay communication is well known for be-
ing a cost-effective approach in improving the energy-
efficiency of communication system in the case of long source-
destination distance [1]. When nodes in the relay network
are equipped with multiple antennas, we call such system
a multiple-input multiple-output (MIMO) relay system. For
a basic three-node two-hop MIMO relay system, optimal
algorithms are developed in [2]-[5] to maximize the mutual
information (MI) between source and destination. In [6], [7],
the optimal relay amplifying matrix is developed to minimize
the mean-squared error (MSE) of the signal waveform estima-
tion at the destination.
Recently, serially configured multi-hop MIMO relay com-
munications with any number of hops attracted much research
interest [8]-[12]. The asymptotic capacity of such system
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is studied in [8]-[10]. In [11], the authors investigated the
diversity gain of multi-hop MIMO relay channel when the
relays use diagonal amplifying matrices. Assuming that a
linear minimal mean-squared error (MMSE) receiver is used
at the destination, the MIMO relay design issue for most
commonly used objective functions is investigated in [12]. It
is shown in [12] that the optimal source precoding matrix,
the optimal relay amplifying matrices, and the optimal linear
MMSE receiving matrix jointly diagonalize the multi-hop
MIMO relay channel when the objective function is Schur-
concave. And such joint diagonalization along with a rotation
of the source precoding matrix is also optimal for Schur-
convex objective functions.

As we know from point-to-point MIMO systems, a non-
linear decision feedback equalizer (DFE) recovers the source
signals successively by exploiting the finite alphabet property
of the source signals. Therefore, a nonlinear DFE receiver
has a much better bit-error-rate (BER) and MI performance
than linear receivers [13], [14]. The DFE technique is also
well-known as the successive interference cancellation (SIC)
technique [13] or the V-BLAST technique [14]. In this paper,
we focus on the nonlinear DFE receiver where the MMSE
technique is applied to recover the source signal at each layer.
We refer to such receiver as the MMSE-DFE receiver. It
is well-known that the MMSE-DFE receiver is information
lossless [13, Ch.8]. We assume that the multi-hop MIMO
relay link being considered has already been established by
protocols at higher layers (link and/or network layers) [15]. We
also assume that when a link failure is detected, the failed node
can be bypassed by increasing the transmission power of the
previous relay node, see [16] and the references therein. Given
the established MIMO relay link, we optimize the source
precoding matrix and the relay amplifying matrices by apply-
ing the majorization theory [17] and the recently developed
matrix generalized triangular decomposition (GTD) tool [18].
We show that given the structure of the optimal source and
relay matrices, the complicated matrix-variable optimization
problem is simplified to an equivalent optimization problem
with scalar variables.

It has been shown in [19] that most commonly used
objective functions in MIMO system design can be classified
into Schur-concave and Schur-convex composite functions. In
this paper we show that when the composite objective function
is Schur-convex, the MMSE-DFE receiver together with the
optimal source and relay matrices enable an arbitrary number
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of source symbols to be transmitted at one time, and the
multi-hop MIMO relay channel is uniformly decomposed into
identical subchannels. Numerical examples demonstrate that
in such case, the non-regenerative MIMO relay system with
a nonlinear MMSE-DEFE receiver yields a significantly lower
BER compared with a non-regenerative MIMO relay system
using a linear MMSE receiver at the destination. We also
show that for Schur-concave composite objective functions,
the optimal source and relay matrices, and the optimal feed-
forward matrix at the destination node jointly diagonalize the
multi-hop MIMO relay channel, and thus in such case, the
nonlinear MMSE-DFE receiver is essentially equivalent to the
linear MMSE receiver discussed in [12]. Therefore, [12] can
be treated as a special case of this paper where the composite
objective function is Schur-concave. The relay scheme using
the optimal source, relay matrices and the nonlinear MMSE-
DFE receiver developed in this paper is more general than the
relay scheme in [12]. In this paper, for notational convenience,
we consider a narrow band single-carrier system. However,
our results can be straightforwardly generalized to wide band
multi-carrier multi-hop MIMO relay systems.

We would like to mention that the optimal source matrix
design for a single-hop (point-to-point) MIMO system using
the nonlinear MMSE-DFE receiver is addressed in [19]-[21].
In particular, the optimal source precoding matrices for Schur-
convex and Schur-concave composite objective functions are
summarized in [19]. Our paper extends the results in [19],
[21] from a single-hop MIMO channel to multi-hop non-
regenerative MIMO relay communication systems with any
number of hops. Note that the proof of the theorems for multi-
hop MIMO relay system is much more involved than that for
the single-hop MIMO channel. The extension from single-hop
system to multi-hop system is significant, as the results are
important for multi-hop wireless backhaul networks [1].

The rest of this paper is organized as follows. In Section II,
we introduce the model of a multi-hop linear non-regenerative
MIMO relay communication system with a nonlinear MMSE-
DFE receiver at the destination. The structure of the optimal
source and relay matrices are shown in Section IIl. In Sec-
tion IV, we show some numerical examples. Conclusions are
drawn in Section V. Notations used throughout the paper are
summarized in Appendix A.

II. SYSTEM MODEL

We consider a wireless communication system with one
source node, one destination node, and L — 1 relay nodes
(L > 2). We assume that due to the propagation path-loss,
the signal transmitted by the ith node can only be received by
its direct neighboring nodes, i.e., the (¢ + 1)-th and (i — 1)-
th nodes. Thus, the source signals travel through L hops
until they are received by the destination node. Moreover, in
order to avoid any interference, the neighboring nodes transmit
signals at orthogonal channels (time and/or frequency). We
also assume that the number of antennas at each node is IV;,
i=1,---,L+1, and the number of source symbols in each
transmission is NN,. Like [3]-[12], a linear non-regenerative
relay matrix is used at each relay. However, in contrast to
[3]-[12], a nonlinear MMSE-DFE receiver is deployed at the
destination node.
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The N; x 1 signal vector transmitted by the source node is
x; = Fis (1

where s = [s1,82, -+ ,sn,]T is the N, x 1 source symbol
vector, (-)7 is the matrix (vector) transpose, and F is the Ny x
N, source precoding matrix. We assume that E[ss”] = I,
where E[-] stands for the statistical expectation, (-)f denotes
the Hermitian transpose, and I,, is an n x n identity matrix.
The N; x 1 signal vector received at the ith node is written
as

yi = Hi_1x;_1 + vy, 1=2,---,L+1 (2)

where H;_ is the N; x N;_1 MIMO channel matrix of the
(i — 1)-th hop (between the ith and the (i — 1)-th nodes),
v; is the N; x 1 independent and identically distributed (i.i.d.)
additive white Gaussian noise (AWGN) vector at the ith node,
and x;_1 is the N;_; x 1 signal vector transmitted by the (i —
1)-th node. We assume that the noises are complex circularly
symmetric with zero mean and unit variance.

Using the linear non-regenerative strategy, the input-output

relationship at node ¢ is given by
X'L:F’Ly’u /L:27>L (3)

where F; is the INV; X NV; relay amplifying matrix at node 1.
Combining (1)-(3), the received signal vector at the destination
node (the (L + 1)-th node) can be written as [12]

yi+1=Hs+v

where H and v are the equivalent MIMO channel matrix and
the equivalent noise vector, and given respectively by [12]

1
H = Q)(HF)) )
7.zL l
vV = Z ( (Hze)Vl) + V41 (5)
=2 =L

Here for matrices A;, ®f:l(Ai) £ A;---Ay. From (5) we
see that v is nonwhite with the following covariance matrix
[12]
L ! L
C, =Y (®(HiFi) 0% (F{IH{I)) +In,,,. (6
=2 =L i=l
We assume that all MIMO channels are quasi-static block
fading channel, ie., H;, ¢ = 1,---,L are constant over
some time 7, before they change to another realization. It
is assumed that 7 is much longer than the time required for
a symbol to be transmitted from the source to the destination.
We also assume that the source node has the channel state
information (CSI) knowledge of H;, the destination node
knows H, and the ith node, i = 2,---, L, knows the CSI
of its backward channel H;_; and its forward channel H;. In
practice, the backward CSI can be obtained through standard
training methods. The forward CSI required at the ¢th node
(H;) is exactly the backward CSI at the (i + 1)-th node, and
thus can be obtained by a feedback from the (i + 1)-th node.
The assumptions on the channels made above are justifiable,
since for wireless relays the fading is often relatively slow
whenever the mobility of the relays is relatively low, and
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for static relays, the channel state information can be almost
constant. Therefore, for quasi-static channels, the necessary
CSI can be obtained at each node with a reasonably high
precision.

At the destination node, a nonlinear DFE receiver is used to
detect the source symbols successively with the Nyth symbol
detected first and the first symbol detected last. At each step,
a linear feed-forward filter is applied to the received signal
vector and the previously detected symbols are fed back and
subtracted from the filtered signal. Assuming that there is no
error propagation in the DFE receiver, the kth source symbol
is estimated as [13, Ch.§]

Ny
5 H
8y =W, YL+1 — g br151,
I=k+1

kzla"'7Nb (7)

where wy, is the feed-forward vector for the kth symbol, and
bii, I =k+1,--- N, are the feedback coefficients for the kth
symbol. The error-propagation-free assumption is justified by
information theory: Powerful coding can be applied to each
layer such that an arbitrarily small error probability is achieved
if the data rate at each layer is less than the sub-channel
capacity. In Section IV it will be seen that even for uncoded
system, the error propagation effect only slightly increases
the system BER. By introducing W = [wy, w2, -+, wWp,],
8§ = [81,82, -+ ,5n,])T, and an N}, x Ny, strictly upper-triangle
matrix B with nonzero elements by ;, we can represent (7) in
matrix form as

§=W'y, 1 —Bs= (W/H-B)s+W"v. (8)

Here W and B are the feed-forward and feedback matrix of
the DFE receiver, respectively.

The performance of the kth data stream in (7), k =
1,---, Np, measured in terms of the MSE and the signal-to-
interference-noise ratio (SINR), is given respectively by

MSE;, = E [|s — 8[?]
k-1
= w11, =17 3w [, |
=1
Nb B 9
+wi Cywy, + Z |wil [H], — b )

I=k+1
SINRy, =

’wf [ﬁ] k

— — 1
N wHE], [P+ wl Cowi+ N | WHIE], b

0)

where [H], is the kth column vector of H. From (9)
and (10) we find that the b ; which minimizes MSE; and
maximizes SINRy, (and thus optimizes most commonly used
objective functions in MIMO system design) should satisfy
|wH [H], — by,i| = 0. Therefore, the optimal by; should be

br, = wy H] ;» Or equivalently in matrix form as

B =U[W"H] (11)
where U[A] denotes the strictly upper-triangular part of A.
Substituting (11) back into (7), we obtain

sp=wi ([H],  [sha+v), k=1--,N, (12
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where [a]1.;, denotes a vector containing the first k& elements
of vector a, [A];.; stands for a matrix containing the first &
columns of A.

When the MMSE criterion is used to estimate each symbol,
from (12) the feed-forward matrix W is given by [13, Ch.§]

—1
Wk = ([H]lk[H]fk —&-C,—,) [H],, k=1--.N
(13)
where (-)~! denotes the matrix inversion. Let us introduce the
following QR decomposition [22]

o [g]n

C.°H
Iy,

G2 (14)

where R is an N, x N, upper-triangular matrix with all
positive diagonal elements, Q is an (N, + N1 41) X N;, semi-
unitary matrix with Q7Q = Iy,, Q is a matrix containing
the first Ny rows of Q, and Q contains the last N, rows

of Q. Obviously, we have from (14) that
C,’H=QR, Q=R"'. (15)

Using (14) and (15), we can express W, B, and the MSE
matrix defined by E = E[(8 —s)(8 — s)] as follows.

THEOREM 1: Using the QR decomposition (14), the feed-
forward weight matrix W, the feedback matrix B, and the
MSE matrix E can be written as

W=C,*QD;', B=D;'R-Iy, E=D;? (6

where Dpg is a matrix taking the diagonal elements of R as
the main diagonal and zero elsewhere.

PROOF: See Appendix B. g

Interestingly, from (16) we find that for non-regenerative
MIMO relay systems using the nonlinear MMSE-DFE receiver
at the destination, the MSE matrix E is diagonal for any
channel realization. Note that a similar theorem is proved in
[19] for the case of white v (using our notation). Obviously,
Theorem 1 extends the result obtained in [19] to nonwhite
v. In the following, we use (16) to derive the optimal source
precoding matrix and the optimal relay amplifying matrices.

III. OPTIMAL SOURCE AND RELAY MATRICES

It has been shown in [23] that most commonly used
objective functions for MIMO systems can be represented as
functions of the main diagonal elements of the MSE matrix.
Denoting ¢(x) as a unified objective function which is increas-
ing with respect to each element of x and using Theorem 1,
the objective function can be represented as ¢ (d [Dg 2] ) Here,
for a matrix A, d[A] is a column vector containing all main
diagonal elements of A. It can be seen from (4), (6), and
(14) that Dg depends on F;, ¢ = 1,--- , L. Thus, the source
precoding matrix and all relay amplifying matrices need to be
appropriately designed in order to optimize q(d [Dg 2] ) Note
that for a multi-hop single-input single-output (SISO) relay
network [24] and serially configured sensor network [25],
the generalized SNR objective function depends only on the
last hop relay function, when the estimate-and-forward relay
protocol is used. Therefore, the multi-hop non-regenerative
MIMO relay optimization problem is much more challenging
than the SISO relay design problem.
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The non-regenerative MIMO relay design problem can be
formulated as

min d[D;? 17
pin - q(d[Dg"]) (17)
1 _
st. |G "H| ZqRr (18)
Iy,
tr(F1F) <p (19)
i—1 l i—1
tr(Fi< ( Q@ mF)Q (FIE]))
=1 k=i—-1 k=l
+In)Ff) <pi, i=2,.L (20)
where {F;} = {F;,i=1,---, L}, p; > 0 is the transmission

power available at node 4, and tr(-) denotes the trace of
a matrix. Here (19) and (20) are the transmission power
constraints at the source node and all relay nodes, respectively.
The following definitions are required to state the theorem on
the solution of problem (17)-(20).

DEFINITION 1: Consider any two nonnegative [N x 1 vectors
xandy, letzp) > 29 > - > TN] Y = Y] = 00 2 YN
denote the elements of x and y sorted in decreasing order,
respectively. We say that x is multiplicatively majorized
by y, denoted as x <, y, if [, z < [['Z, yp, for
n=1---,N—1, and Hfil zp = Hi\]:l ypi)- We say that
x is weakly multiplicatively submajorized by y, denoted as
X <x(w) Y, if H?:l T < HZ‘L:I Yl forn=1,---,N.

DEFINITION 2 [17, 1.A.1, 1.A.2]: For any two real-valued
N x 1 vectors x and y, we say that x is additively majorized
by y, denoted as x < y, if >°1" @y < D07 ypy, for no=
1,---,N —1, and Zfil T = Zfil yri)- We say that x is
weakly additively submajorized by y, denoted as x < (y) ¥,
if ZZ‘L:I | < Z?:l Yla)» for n = 17 te ,N.

DEFINITION 3 [17, 3.A.1]: A real-valued function f is
called Schur-convex if f(x) < f(y) for x <4 y, or called
Schur-concave if f(x) > f(y) for x<_y.

Let us write the singular value decomposition (SVD) of H;
as

H,=UX,VH,

i=1,--,L 1)

where the dimensions of U;, 3;, V,; are N1 X Ny,
Ni41 x N;, N; x N, respectively. We assume that the main
diagonal elements of 3;, ¢+ = 1,---,L, are arranged in
the decreasing order. We also introduce M = min(Ry,, Np),
where Rj, = min(rank(H;), rank(Hy),--- ,rank(Hp)) and
rank(-) denotes the rank of a matrix. The following theorem
establishes the optimal structure of the source and relay
matrices.

THEOREM 2: For multi-hop non-regenerative MIMO relay
systems using nonlinear MMSE-DFE receiver at the destina-
tion, assuming that rank(F;) = M, i =1,--- , L, the optimal
source precoding matrix and the relay amplifying matrices are
given by

Fi =V 1A VE, i=2,---

)

,L

(22)
where A; = diag(X\i1, Ai2,- -+, Aim) are M x M diagonal
matrices, U; 1 and V;; contain the leftmost M vectors of
U, and V,, respectively, and V, is an N, x M semi-unitary
matrix (V%’1 Vi, = I) such that the QR decomposition in

F;, = Vi,lAiUﬁl,la
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(18) holds with Dg, being the solution to the problem (23)-(26)
given below. In particular, (\; 1) = { N\, 1 <i< L, 1<k <
M} are obtained from the following optimization problem

min d[D;? 23
d[DR1,<A¢,k>q( Dr")) )
L 2 2 T
L 52 )2
s.t. d[sz] < x(w) {1+ HLl_l Z7Lk ”; 5 } )
L+ L o7k ATk M
1n,-m)" (24)
M
Y Mk <m (25)
k=1
M i—1i—1
SN D T Mwoin+1 | <piy i=2,--- ,L(26)
k=1 j=11=j
where oy, ¢ = 1,---,L,k = 1,---,M, are the kth
main diagonal element of X;, for a scalar x, {z}, =
[z1,22, - ,2,]T, and 1,, denotes a 1 x n vector with all
1 elements.
PROOF: See Appendix C. g
Interestingly, from Theorem 2 we see that the structure
of the optimal ¥;, ¢ = 1,--- L, is similar to that of the

optimal source and relay matrices when the linear MMSE
receiver is used at the destination node [12]. The motivation
of the assumption rank(F;) = M is to avoid any transmission
power loss at each node. It is worth noting that Theorem 2
simplifies the matrix-variable optimization problem (17)-(20)
to the problem (23)-(26) with scalar variables. Moreover, (22)
presents the structure of the optimal F; in the form of its
singular value decomposition. For ¢ = 2,--- | L, the left and
right singular vector matrices of F;, (i.e., V;1 and U;_; 1)
are known, while the singular value matrix A; is obtained by
solving the problem (23)-(26). For the optimal Fy, Vi ; is
known, A, is obtained from (23)-(26), while Vg ; is chosen
to guarantee that the QR decomposition (14) yields the Dg
in (23). In particular, we carry out the GTD of the following
matrix

(1>

v

_1
C;* ®?:L(HiFi)H1V171 A170Mx(NrM)} ]
In,

= QuRPY

where R has the diagonal elements Dg, obtained from the first
step, and 0, x,, denotes a p x m matrix with all zero entries.
Then we obtain Vi, = [P{]  and consequently F; in
(22). The justification of this step can be found in Appendix C.

It can be seen from (22) that the optimal relay amplifying
matrices F;, ¢ = 2,---, L, have the classical SVD beam-
forming structure. In fact, the ith node first performs receive
beamforming using the Hermitian transpose of the left singular
matrix of its direct backward channel H;_;. Then it conducts
a power loading operation. Finally, a transmit beamforming is
performed by the ¢th node using the right singular matrix of
its direct forward channel H;. Substituting (22) back into (4)
and (6), we have

H=U; D, V]
Cy; = U D.UY, +1n,.,

27)
(28)
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where Dy, and D, are M x M diagonal matrices with the kth

diagonal elements k = 1,--- , M, given respectively by
L L L

dn = [[Mrork dei = > [[Mrois-
=1 1=2 i=l

Computing the optimal ()\; ;) by solving the problem (23)-
(26) requires a centralized processing. The processor which
performs the optimization can reside at any node depending
on the capability of all nodes. This processor first collects
the informationon o; 4, ¢ =1,--- ,L, k=1,--- , M. Then it
performs the optimization and computes V g, . Finally, it sends
the optimal A; , k =1,--- , M to the ithnode, 7 =1,--- , L,
and V, to the source node. At the ith node, after the optimal
Aik, Kk =1,---, M are received (also after the reception of
V r, for the source node), the optimal matrix F; is assembled
using (22).

For general objective functions, the problem (23)-(26)
is still complicated, especially the constraint (24). Let us
define the composite objective function of g ¢ exp(x) =
q(e*t,e®2 .- e*V). In the following, we show that for
Schur-concave g ¢ exp and Schur-convex g ¢ exp, the prob-
lem (23)-(26) can be further simplified. Examples of Schur-
convex q ¢ exp can be found in [19] such as the sum of
MSEs of all data streams (SMSE), and the negative of the
product of the SINRs of all data streams (NPSINR). Using
E= Dlgz in (16), the MSE of each date stream is given by
[Elpx = [DR],;?C, and the SINR of each stream can be written
as [E]; ; — 1 = [Dgl]};, — 1. Therefore, these two objectives
can be éxpressed respectively as

Ny
SMSE £ ¢1(d[Dg?]) = > _[Dalc}
k:le
NPSINR £ ¢5(d[D;%]) = — [] (IDrl7 . — 1) -
k=1

Some Schur-concave goexp are also listed in [19] such as the
exponentially weighted product of MSEs (WPMSE) and the
negative of the weighted sum of SINRs (NWSSINR). Using
the relation between Dy and the MSE and SINR of each data
stream, they are written respectively as

Ny
WPMSE £ ¢5(d[Dg?]) = [[[Dal, 2"
k=1

Ny,
NWSSINR £ ¢4(d[Dp%]) = =Y ap([Drli  — 1)
k=1

where 0 < a7 < --- < ay, are the weighting coefficients.
There are two interesting links between the Schur-convexity
of ¢ and q ¢ exp. First, if ¢(x) is Schur-convex with respect
to x, ¢ o exp(x) is also Schur-convex with respect to x. This
can be easily shown by using [17, 3.B.2] and the fact that
e” is convex and ¢ is increasing and Schur-convex. Second,
if ¢ ¢ exp is Schur-concave, then ¢ is also Schur-concave
[19, Lemma 2.12]. However, for Schur-concave ¢, q ¢ exp
is not necessarily Schur-concave. It is shown in [19] that
for some Schur-concave ¢, q ¢ exp is Schur-convex. In the
following we introduce two theorems that establish the optimal

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 9, NO. 7, JULY 2010

Vg and (\; i) for Schur-concave and Schur-convex ¢ ¢ exp,
respectively.

THEOREM 3: For the relay design problem (23)-(26), if g¢
exp is increasing and Schur-concave, then the optimal Vg, is
equal to [IM7 OMX(Nb_M)] T, and (\; ) is the solution to the
following problem

L - T
. ILiZ, Ui,kAzg,k
min g 1+ 7 T J
(Nik) L+ 30, T o2 A v
1Nb—]VI]T) (29)
M
s.t. Z A%)k <pm (30)
k=1

i—1i—1

M
SN T Mwote+1|<pi, i=2,--,L31)
k=1

j=11=j

PROOF: See Appendix D. g

Interestingly, the problem (29)-(31) is identical to the multi-
hop non-regenerative MIMO relay design problem with Schur-
concave ¢, when a linear MMSE receiver is adopted at the
destination node [12]. We find that for Schur-concave g ¢ exp,
without wasting the transmission power at the source node,
the number of symbols N, should be no greater than Rj,.

Assuming that N, = R, = M and substituting Vg, = Iy,
back into (27) we obtain H = U, 1Dy, and

H]i = dnk[Ur1]k
[H],, = [Ur]ik[Dnlik ek,
where for any matrix A, [A]y.x 1.4 is @ principal sub-matrix

of A lying in the first k£ rows and the first £ columns of A.
Substituting (28), (32), and (33) back into (13), we have

Wy = dh,k([UL,l]lzk[D%]1:k,1:k[UL,1]{{k
-1
+UL,1DCU£I,1 +In,,.) [Urale

dnk
= kUil
d§$,+-dcir+-1[ Lk

(32)
k:1> 7Nb (33)

(34)

Thus, the feed-forward matrix W can be represented as W =
Upr,1Dy, where Dy, is an N, x N, diagonal matrix with the
kth diagonal element given by d,, , = dh,k/(dik +dey+1).
Now we have WHH = DnglULleh = D, D;, which
is an N X Np diagonal matrix with the kth diagonal element
as dj, ;./(d} . + dex, +1). This indicates that when g o exp is
Schur-concave, the optimal source precoding matrix (22) along
with Vg, = Iy,, the optimal relay amplifying matrices (22),
and the optimal feed-forward matrix at the destination (34)
jointly diagonalize the multi-hop MIMO relay channel. From
(11), we find that the feedback matrix B = Op, x v,. Thus, the
nonlinear MMSE-DFE receiver is identical to a linear MMSE
receiver.

We would like to mention that the capacity of a MIMO
relay channel without any constraints on the relay strategy at
each node is a challenging open problem. However, under the
constraint of using the linear non-regenerative strategy at all
relay nodes, the mutual information between source and des-
tination is given by I(yr41,s) = log, Iy, + HYC;'H| =
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— log, (Hg:"l[DR},;i) Thus, under such constraint, the ca-
pacity of the MIMO relay channel is given by maximizing
— log, (Hiv:bl[DR},;i), which is equivalent to minimizing

,]::bl[DR},;i. Since the latter function is a Schur-concave
composite objective function, the optimal source and relay
matrices are given by Theorem 2 and Theorem 3. Interestingly,
for Schur-concave composite objective functions, the nonlinear
MMSE-DEFE receiver is identical to a linear MMSE receiver.
Thus, the capacity can be achieved by both receivers.

As we mentioned before, for all Schur-concave q ¢ exp, ¢
is also Schur-concave. Thus, the objective functions encom-
passed in Theorem 3 are in a subset of the Schur-concave
objective functions discussed in [12]. For Schur-convex goexp,
the following theorem is in order.

THEOREM 4: For the relay design problem (23)-(26), if go
exp is increasing and Schur-convex, then the optimal Vg, is
chosen such that d[Dg] has equal entries, and (); ) can be
obtained from

L 2 2
0%\
H1_1 i,k k ) (35)

M
min — Z log (1 + T 17
(Ni,k) 1 1+ Zi:z Hl:i Ulz,k)‘lz,k

M
s.t. Z A <p (36)
k=1
M i—1i—1
SN D T wote +1| <pi, i=2,---,L(37)
k=1 j=11=j
PROOF: See Appendix E. (]
From (35)-(37) we find that with Schur-convex g ¢ exp, the
problem of optimizing (), ;) is identical to the optimization
of the power loading in a multi-hop MIMO relay system using
the linear MMSE receiver at the destination and the maximal
MI criterion [12]. It can be seen from Appendix E that for
Schur-convex goexp, d[Dg] has identical elements. Thus, the
multi-hop MIMO relay channel is uniformly decomposed into
N, identical subchannels. In contrast to the case of Schur-
concave q ¢ exp, there is no constraint on N. In fact, IV}
can be greater than Rj, for Schur-convex g ¢ exp as explained
later. Note that for single-hop MIMO channel, such equal-
diagonal QR decomposition has been addressed in [20], [21].
An important observation is that the multi-hop MIMO relay
channel is not diagonalized by the source precoding matrix,
the relay amplifying matrices (22) and the feed-forward matrix
as in the case of Schur-concave q ¢ exp. We explain it in the
following.
Substituting (27) and (28) back into (13) we have

Wk = (UL,th (Vi) [Vg]ﬁthUgl
-1
+ULiDUY, 41y, ) UnaDa[VE],

—1
= Upa(Du[VE],, [VE][,Dn+ Do + 1)
XDh[Vg‘l]k

wil [ = [VA]{Du(Da[VA] , [VA] ,Dn

-1
+D.+1y) Du[VE],. (38)

We find from (38) that due to Vi, # [Tar, O (ny—an)]

>
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wi[H]; # 0. Consequently, WHH is not diagonal and from
(11) B # Op, xn,- This is the reason that more data streams
Ny can be supported than the number of subchannels Rj.
Thus, in this case, the MIMO relay system with nonlinear
MMSE-DEFEE receiver at the destination has a different per-
formance compared with the MIMO relay system using the
linear MMSE receiver at the destination. In the next section,
we will show through numerical simulations that the former
system has a much better performance than the latter one. Note
that since for all Schur-convex g, goexp is also Schur-convex,
the Schur-convex objective functions discussed in [12] are in
a subset of the objective functions included in Theorem 4.

After the optimal structure of the source and relay matrices
is determined, the remaining problem is to optimize the power
loading vector (\; ) by solving the problem (29)-(31) and
the problem (35)-(37) for Schur-concave and Schur-convex
q © exp, respectively. Unfortunately, for L > 2, both the
problem (29)-(31) and the problem (35)-(37) are nonconvex.
Hence, a globally optimal solution is difficult to obtain with
affordable computational complexity, especially when L is
large. However, a locally optimal solution can be obtained
by iteratively updating the power allocation vector of one
node by fixing the power allocation vectors of all other
nodes [12]. This iterative algorithm provides an excellent
performance-complexity tradeoff. Finally, for the MIMO relay
design problem with Schur-convex g ¢ exp (35)-(37), matrix
Vr, can be computed using the numerical method developed
in [18].

IV. NUMERICAL EXAMPLES

In this section, we study the performance of the proposed
non-regenerative MIMO relay technique with the nonlinear
MMSE-DEFE receiver at the destination through numerical
simulations. All channel matrices have Gaussian entries with
zero-mean and variances af /N; for H;, i = 1,---, L. Con-
sequently, we define SNR; £ afpiNiH /N; as the signal-to-
noise ratio (SNR) of the ith hop. All simulation results are
averaged over 1000 independent channel realizations.

We compare the relay algorithm for Schur-convex g ¢ exp
(denoted as the NL algorithm) with the maximal MI (MMI)
algorithm and the MMSE algorithm developed in [12]. The
MMI algorithm refers to a multi-hop MIMO relay system
with a linear MMSE receiver at the destination node, and the
source and relay matrices designed to maximize the source-
destination mutual information. Thus, both the MMI and the
MMSE algorithms apply the linear MMSE receiver at the
destination. The comparison is fair since the MMI and MMSE
relay algorithms in [12] and the proposed NL algorithm
require the same amount of channel information at each node.
Moreover, all algorithms use the iterative approach to obtain
the optimal power allocation vectors, and thus, have the same
computational complexity order. As a benchmark, we also
show the performance of the genie-aided NL algorithm, where
at each layer the error propagation is eliminated by a genie.

In the first example, we simulate a relay system with
L = 2 hops and choose N; = Ny = N3 = 3 and
Np, = 2. Fig. 1 shows BERs of all algorithms versus SNR; for
SNR2=20dB. It can be seen that the proposed NL algorithm
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Example 1: Two hops. N1 = N2 = N3 = 3, N, = 2, SNR»2 =
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Fig. 2.
20dB.

Example 2: Two hops. N1 = N2 = N3 = 3, N, = 3, SNRy =

performs consistently better than the competing algorithms
over the whole SNR; range. In particular, at high SNR;, the
MMSE and MI algorithms display an error floor, while the
NL algorithm does not.

In the second example, we simulate a fully loaded two-hop
system with N3 = Ny = N3 = 3, N, = 3, and SNRo=20dB.
The performance of all algorithms is shown in Fig. 2. We see
that for a fully loaded MIMO relay system, nonlinear MMSE-
DFE receiver achieves a much higher diversity order than the
linear receiver. The performance of all algorithms for a two-
hop system with different number of antennas at each node
is studied in our third example. We set N; = 5, Ny = 6,
N3 =4, Ny = 4, and SNR=20dB. It can be seen from Fig. 3
that similar to Figs. 1 and 2, the NL algorithm significantly
outperforms the MMSE and MI algorithms.

In the last example, a multi-hop MIMO relay system with
L =5ad N; = 3,7 =1,---,6 is simulated. Each hop
has the same SNR, i.e, SNR; = SNR, ¢ = 1,---,5. Fig. 4
displays the BER performance of all three algorithms versus
SNR. Obviously, for multi-hop systems, the NL algorithm still
has the best performance. Therefore, for multi-hop MIMO
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Fig. 3. Example 3: Two hops. N1 =5, N2 =6, N3 = 4, N, = 4, SNR2
= 20dB.
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Fig. 4. Example 4: Five hops. N; = 3,4 =1,---,6, SNR;=SNR, i =
1,---,5.

relay communication, the nonlinear MMSE-DFE receiver to-
gether with the optimal source and relay matrices developed
in this paper should be used in order to achieve a lower
system BER. Comparing the practical NL algorithm with the
genie-aided NL algorithm, we find from Figs. 1-4 that the
propagation of the detection error at each layer only slightly
increases the system BER.

V. CONCLUSIONS

We have developed the optimal source and relay matrices
for non-regenerative multi-hop MIMO relay systems when
the nonlinear MMSE-DFE receiver is used at the destination.
For Schur-convex composite objective functions, the optimal
scheme uniformly decomposes the MIMO relay channel into
identical subchannels without any constraints on the number
of subchannels. We have shown that the system BER perfor-
mance can be significantly improved by using the MMSE-
DFE receiver. We also demonstrated that for Schur-concave
composite objective functions, the MMSE-DFE receiver is
equivalent to a linear MMSE receiver.
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APPENDIX A
SUMMARY OF NOTATIONS

()T, ()", (-)~! Matrix transpose, Hermitian transpose and
inversion, respectively

tr(-), rank(-)  Matrix trace and rank, respectively

[Alg, [Alk,k kth column vector of A and (k, k)-th ele-
ment of A, respectively

[A]1.k Matrix containing the first k¥ columns of A

[Al1k,1:% Principal sub-matrix of A lying in the first
k rows and the first £ columns of A

d[A] Column vector containing all main diagonal
elements of A

Dy Matrix taking the diagonal elements of A as
the main diagonal and zero elsewhere

U[A] Strictly upper-triangular part of A

oA Column vector containing the singular val-
ues of A

[a]1:k Vector containing the first k& elements of a

a Vector with identical elements of
>iry aif/N

{A;} Stands for a set of L matrices {A;,i =
1,---,L}

{a}n Stands for an n x 1 vector [ay,az, - ,an]T

(ai k) Stands for a set of M L numbers {a; , 1 <
i <L, 1<k<M}

q(x) Unified objective function which is increas-
ing with respect to each element of x

q ¢ exp(x) Composite function defined as
q(erl’erz’ R 76f6Nb)

<45 < (w) Additive majorization and weakly additive
submajorization, respectively

< xs <x(w) Multiplicative majorization and weakly mul-
tiplicative submajorization, respectively

®f:l(Al) Stands for the matrix multiplication of
Ay Ay

E[] Statistical expectation

IL,.,1, n x n identity matrix and 1 X n vector with
all 1 elements, respectively

0pxm p X m matrix with all zero entries

APPENDIX B
PROOF OF THEOREM 1

Applying [26, Theorem 2.6.1], which uses the matrix inver-
sion lemma, we have

(18], (87, +¢.) [H],, =
C;'[H] 1:k( [H] fkc;l [H] Lkt I’f) - :

Thus, (13) can be rewritten as

k:17"'aNb (39
where [A]j denotes the kth column of matrix A. From (14)
and (15), we have

[Q] 1;k[R}1:k,1:k .
(40)

(Gluk = [Qla[Rlusrs ;2 [H],, =

2275

Substituting (40) back into (39) we have

1

Wi = {Ca 21Q] . Rk 1
< (R [QUER QI ARk ae) ]

1 _

- [C?[Q]l:k([Rh*va)iHL
~ RI;LC; Q.

Thug 7the feed-forward matrjx can be written as W =
C; QD" Using (15) and Q¥ Q = 1y, —QHQ, we obtain

WHH = D;'QYC, ’H
= D;'Q"QR
=D;'(Iy, ~-R"R™NR

=D;'R-D,'R 7. 41)
From (11), the feedback matrix B can be written as
B=D;'R-1y,. (42)

Substituting (41) and (42) into (8), we have
s—s=-D;'R s+ D;'QYC; *v.
Therefore, the MSE matrix is
E=E[8—-s)(5— s)H]
_ D];lRfHRlelgl T D];lQHQDgl
=D;”.

APPENDIX C
PROOF OF THEOREM 2

The following lemmas are required to prove Theorem 2.

LEMMA 1 [17, 5.A.1]: For two N x 1 vectors x and y, if
x <4 y and f is a convex function, then {f(x;)}n < (w)
()}

LEMMA 2 [17, 9.H.1.b]: For m N x N complex matrices
A Ay, --- A, let B = ®Zr;1 A, then o} <« (Ual O)
To, OO0y, ), Where oy, and o,, ¢ = 1,--- ,m, denote
N x 1 vectors containing the singular values of B and A;
arranged in the same order, respectively, and © denotes the
Schur (element-wise) product of two vectors.

LEMMA 3 [17, 9.H.1.h]: For two N x N positive semidef-
inite matrices A and B with eigenvalues A\,; and Ap;,
1 = 1,---, N, arranged in the same order, respectively, it
follows that tr(AB) > SN Ay idp vt

LEMMA 4: For two N x 1 vectors x and y, if x <« y, then
{(1 =) v < {0 —5) "I

PROOF: Let us define two vectors a and b with a; = log z;
and b; = logy;, ¢ = 1,---,N. Obviously, x <x y is
equivalent to a <4 b. Since f(r) = —log(l — e”) is a
convex function, it follows from Lemma 1 that {—log(1 —
e“)IN <4w) {—log(l — €%)}y, which is equivalent to
{1 = e*) Ny <x@w {(1 — €e’)"'}n. Thus we have
{(1 =) v <xw {0 —9) "I O

Now we set out to prove Theorem 2. The proof is conducted
in three steps: First, we show that the constraint (18) is
equivalent to d[Dg| <« oG where o¢ is a column vector
containing singular values of G. Second, we prove ¢ < (w)
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the structure of the optimal source and relay matrices.

Let us introduce the SVD F; = U FIA F1V Py where the
dimensions of UFl, AFI, VF1 are N1 X Ny, N1 X Ny,
Ny x Ny, respectively. We assume that the main diagonal
elements of A F, are arranged in the decreasing order. Since
rank(F;) = M, we also have F; = Up, Ap, Vi, where
Ur, [UFI]LJVI’ Vi [VF1]1 M AR, [AFl]LM,l:M
From (14) we have

T

. At last, we show

AN, —m

G

where H = ®?:L(H,»Fi)H1. Let us write the GTD of ¥ as

1 ~ ~
Cs QHUFIAFI] — QuRPY 43)
I

where Qu is an (Np41 4+ Np) X Np, semi-unitary matrix with
QgQ\p =Iy,, and Py is an N, X [N}, unitary matrix. It can be
shown from [18] that (43) holds if and only if d[Dg] <x0o v,
where oy is a column vector containing singular values of W.

Without affecting the power constraints, we take v = Pg R
or equivalently
Vi =[Py, (44)
Then we can write the QR decomposition of G as
INL 1 ONL 1 X Ny
G = QR, Q= N I Qu. (45
ONb XNLy1 P\I/

Because ¥ and G have the same singular values, from (43)
and (45) we know that the constraint (18) can be equivalently
written as

d[Dg] <xo¢ . (46)

Let us define
X £ HY(HHY + C;)  H (47)
A, £ HF FIaH (48)
A AHF (A +1Iy)FIRE i=2... L (49)

and write A; = UAiAAiUXi,i =1,---,L, as the eigen-
decomposition of A;, where A4, is an M x M diagonal
matrix containing M nonzero eigenvalues of A; sorted in the
decreasing order for all ¢, and U 4, is the associated N; 1 x M
matrix of eigenvectors. From (48) and (49) we have

1
H,F, = Uy A% U,
H,F, = UAZAlez(Az—l‘F INi)_%> =2,

(50)
, L(51)

where Uy is an M x N, semi-unitary matrices with UOU{)LI =
Ipy,and S;, i =2,---,L, are M x N; semi-unitary matrices
with SiSf{ = I,. It will be seen that the power constraints
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(19) and (20) are invariant to Ug and S;, i« = 2,---, L.
Substituting (50) and (51) back into (47), we have

L
1 1
X = UFAS, U (A1 +1v,) 738 UY))

=2

2
<(Az+1In,..) 1®(UAA Si( 21+1N1.)*%)

=L
xUa, A% Uy
L
1
= U(?AEXIUZIl@ (UAz‘—l (AAifl + IM)_%UZFI SiH
1=2

2
1 1
xAjiUQIi) U, (Aa, + 1) U%, R (UAl.Aj‘i
i=L

1
%SiUa, (A,  + IM)*%UQIH) Ui, A2 Up. (52)
Applying Lemma 2 to (52) we obtain that

T T
Ax = [(AX]) " 00 x| (53)

where Ax is a column vector containing all eigenvalues of X,
and X is a diagonal matrix given by

L
Q((Aa D) HAL ) (Aay + L)

=2

XEA

)=

1 1
(Azi (Aa,_,+ IM)ié) A3,

®~1®m

(AA (AA +I]\/[) ) (54)

=1

Applying Lemma 4 to (53), we have

1 ~ T T
{0= 20 b < [{(1 = 300) I ] (59)

where Ax; denotes the g'th eigenvalue of X and Z;; denotes
the (¢,%)-th element of X. From (14), we can write

GHG =1y, +HC;'H

= [y, - B (A" H+ C;)

= (INb - X)il

where the matrix inversion lemma is applied to obtain the
second equation. From (56), we find that {oZ; l}N ={(1-
}N , where o ; is the ¢th singular value of G. Using

H]
(56)

>\Xz

T

(55) we obtain {UG,i}Nb<X(W) {{(1 — Ti4) 1}M , 1Nbe} .

Moreover, since (46) is equivalent to d [DI%] ~ % {‘7%;71‘} N, We
have

2 ~ \—1T T

d[DZ] <o [{(1 = #00) " Fay» Tve ] (57)

We would like to mention that for all Dg and {F;} that satisfy

(46), inequality (57) also holds. In other words, (57) has a re-

laxed feasible region than that of (46). Since (46) is equivalent

to (18), we can replace the constraint (18) by (57) without
increasing the value of the objective function (17). Moreover,
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- T
from (52) we see that Ax = [(d [X])T, O1x(n,—nr)| holds
at

S, =®Uf | i=2,---,L

where @ stands for an arbitrary M x M diagonal matrix with
unit-norm main diagonal elements, i.e., |[®];;| = 1,[®];; =
0,7,j = 1,---,M,i # j. Without affecting the objective

function (17), we choose S; = U, i=2,..- L.
Now we set out to consider the power constraints (19) and
(20). First, we introduce some notations: for ¢ = 1,--- , L,

i £ rank(Hi), Fl £ VZHFZ, Uz £ [Ui,rmUi,ﬁ}a where
U;,, and U,z contain the left singular vectors of Hj;
associated with the nonzero and zero singular values of H;,
respectively, 3; ;.. is a diagonal matrix containing the nonzero
singular values of H;, 3; 1 contains the largest M singular
values of H; sorted in the same order as the diagonal elements
of A 4,. Substituting the SVD of H; in (21) into (50) and left
multiplying by U on both sides, we have

El,ﬁ
0(N2—T1)><T1

07“1 X(leT‘l)

~ 1
F, =UfU4 A2 U,.
O(NQ_"'I)X(NI_"'I) ! A

(58)
If Ny = Ny =1, (58) holds if and only if
~ 1
Fy =37, U7, Us A% Up. (59)
If Ny > Ny = ry, then (58) holds if and only if
. 1
[ Z:1,7“1 0T1><(N1—T1) ] F, = U{{T’lUAlAillUO . (60)

Finally, if N1 > r1, No > r1, (58) is true if and only if
U{., Ua, = O0(n,—r,)xn and (60) holds. From (60), we see
that in the latter two cases, there are many solutions for F;.
We should choose F'; such that the transmission power at the
source node is minimized. Since tr(F1F#) = tr(F,F), the
transmission power minimization problem is written as

min tr (Flﬁ{[ )

Fy

. 1
st [ Zin Opx(vi—ry) | F1 = U}, Ug, A% Ug(61)
The solution to problem (61) is given by

~ _ T 1
Fi=[31, Onxvi-rm)] U, Ua A% Up.  (62)

1,ry

To determine U 4, in (59) and (62), we substitute (59) and

(62) into the objective function of (61). Interestingly, both (59)
and (62) lead to the same transmission power, given by

tr(FlF{f) = tr(AilUflUmzﬂ U

1

1,7y Y 1,m UAlAzl) ‘

(63)
We note that the transmission power (63) is invariant to
Uy and S;, ¢ = 2,---, L. Using Lemma 3, we know that
under rank(F;) = M, (63) is minimized if and only if
U Ui, = [®,00x(,-an] The minimum of (63) is
tr(Aa, Eff) Without loss of generality, we choose ® = I,,.
Therefore, we have U4, = U;; and

1 T 1
F1 =V |2 1A% Ouvi—an | Uo=Vi1Z11A Ug.

Note that Uy does not affect Ax and the power constraints.
In fact, Uy should be chosen as Vl{fl in (44) such that
the QR decomposition of G in (45) holds. Thus F; =

2277

1
VlleﬁAleﬁ , and we have proved that the optimal
’ 1
structure of Fy is as in (22) with Ay = B7]A% .
Now we consider the power constraints (20). Similar to
steps (58)-(62), for i = 2,---,L, we have U/, Uy, =
O(N 1 —r)xM when N; 1 > r; and

~ 1
F, =27 U Us AL Si(Ai +1n,)72, 1= N,
~ 1
Fi = [0 O] UZ U4 AL
xSi(Ai—1 + INi)_%> r; < N;

where we solved the following problem

1—1 l
min tr (F (Z( R (H.F,)
F; =1 n=i—1

i—1

Q (FiHs)) +INZ,> FH>

n=l
st [ Dir Opu(vi—r | F
— U U4 A3 Si(Ar +1y,) 2.
The transmission power at the ¢th node is
tr(Fi(Ai_1 + In,)F[)
=tr(2; U UA AL UL U200 ) 0 (64)

Obviously, (64) is also invariant to Ug and S;, ¢ = 2,--- | L.
Similar to (63), (64) is minimized by Uy, = U;;, and
together with S; = Ugiil, we obtain

153 —1y7H
Fi=Vi X jAL (Aa,, + 1) 20

Thus, t?e optimal structure of F; is given by (22) with A; =
2;11‘/&?{1 (AA'i—l + IJVI)_%'

Substituting (22) into (48), (49) and (54), we obtain

- HiL:I oAk

Tkl = T L - )

ISPy | ‘71271@)‘1271@

Substituting (65) into (57) we have (24). Finally, by substitut-
ing (22) into (19) and (20), we obtain (25) and (26).

k=1,---,M. (65)

APPENDIX D
PROOF OF THEOREM 3

The following lemma is needed to prove Theorem 3.

LEMMA 5 [17, 3.A.8]: A real-valued function f satisfies
X <4(w) ¥ = f(x) < f(y) if and only if f is increasing and
Schur-convex.

Let us define di = log([Drlz,). k = 1,---, Ny, and
rewrite the problem (23)-(26) as
. —dy,
min e 66
{di g » (Ao k) 1 ({ }N”) (66)
s.t. {dk}Nb <4+w)M (67)
M
YA <m (68)
k=1
M i—1i—1
SN T oti+1 | <pis i=2, L (69)
k=1 j=11=j
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where

L 2 42 T
A Hi:l Ui,k)‘i,k

log| 1+ T T
IR DIny | UZQ,k)‘l2,k M

We know that for any function f, f(—x) has the same
Schur-convexity as f(x) with respect to x [17]. Since ¢ ©

n 3 01 (N, — M)

exp is Schur-concave, q({e*dk }Nb is Schur-concave with
respect to {dj}n,. Moreover, because ¢ ¢ exp is increas-
ing, q({e—dk }Nb> is decreasing with respect to {d}n,-

Obviously, —¢ ({e’dk }Nb) is increasing and Schur-convex
with respect to {dj }n,. Using Lemma 5 and (67), we have
—q ({e_dk }Nb)
q(n). Therefore, the solution to the problem (66)-(69) oc-
curs at {di}n, = m, which holds if and only if Vp =
[IM,OMX(Nb_M)]T. Thus, the problem (66)-(69) can be
equivalently written as problem (29)-(31).

< —q(n), or equivalently q({e—dk }Nb) N

APPENDIX E
PROOF OF THEOREM 4

To prove Theorem 4, we need the following lemma.

LEMMA 6 [17, p.7]: For an N x 1 real-valued vector x,
let us define an N x 1 vector x with identical elements of
SN /N, there is x <4 X.

Let us define dj, = log([DR]ik), k=1,---,Np. Applying
Lemma 6 to (24), we obtain that

d < {di}n, (70)
where d is an NV, x 1 vector with identical elements of
M L 2 2
1 || TR
d = log(1+ T
Ny = T+ I U?,M?,k
l=1,---,Ny. (71)

Since goexp is increasing and Schur-convex, applying Defini-
tion 3 to (70), we know that the solution to the problem (23)-
(26) occurs at (71). It can be shown from [18] that there exists
a GTD in (43) such that R has identical diagonal elements.
Equivalently speaking, V, should be chosen such that the
QR decomposition of G in (14) yields a d[Dg] with identical
elements. Such Vg, can be obtained by using the numerical
method developed in [18].

Using (70) and (71), the objective function for Schur-convex
q © exp becomes

L
M Hi:l Uz‘Q,chg,k
Z log| 1+ T T 5
-1 D InY | YW v
which is equivalent to (35). Along with the power constraints,
we obtain the problem (35)-(37).

max
(Nik) P
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