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A Distributionally Robust Minimum Variance
Beamformer Design

Bin Li , Yue Rong , Senior Member, IEEE, Jie Sun, and Kok Lay Teo, Senior Member, IEEE

Abstract—This letter is concerned with a robust minimum vari-
ance beamformer design. To hedge the mismatch between the true
and the assumed steering vectors, a distributionally robust beam-
former (DR-beamformer) is proposed. The tractable reformulation
of this beamformer is developed. Compared with the existing ro-
bust beamformers (e.g., worst-case robust beamformer and Gaus-
sian robust beamformer), the proposed robust beamformer does
not assume full knowledge of the channel mismatch. Therefore, it
is more flexible in practice and more general in formulation. In
addition, the relationships of the proposed robust beamformer to
the existing ones are investigated. The performance gain of the
DR-beamformer over the other robust beamformers is highlighted
through numerical simulations.

Index Terms—Distributionally robust optimization, gaussian
robust beamformer, robust minimum variance beamformer
(RMVB), worst-case robust beamformer.

I. INTRODUCTION

M INIMUM variance beamformer (MVB) is an attractive
adaptive beamforming approach. The optimal MVB can

be obtained by using the well-known Capon beamformer [1].
However, the optimal MVB is designed based on the assumption
that the steering vector is perfectly known. To combat the mis-
match between the real and the assumed steering vectors, robust
minimum variance beamformer (RMVB) design has been in-
tensively studied [2]–[10]. These RMVBs can be classified into
two main categories—the worst-case-based robust beamform-
ers [2]–[7] and the chance-constraint-based robust beamformers
[8]–[10].

A more general RMVB, distributionally robust beamformer
(DR-beamformer), is proposed in this letter. The proposed
RMVB provides a more general and practical formulation, in
which we do not know the distribution of the steering vector
mismatch. The term distributionally robust is introduced from
the concept in distributionally robust optimization [11]–[21].
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The proposed DR-beamformer is shown to have a better perfor-
mance than the worst-case robust beamformers, the Gaussian
robust beamformers, and other existing RMVBs.

II. SYSTEM MODEL AND BACKGROUNDS

A. System Model

We consider a sensor array that consists of M elements. A
narrow-band signal s(k), where k is the sample index, arrives at
this array with a steering vector a. Let i(k) ∈ CM and n(k) ∈
CM be the interference vector and the noise vector at the kth
sample, respectively. Then, the observation or the output of the
sensor array is given by

x(k) = s(k)a + i(k) + n(k). (1)

A narrow-band adaptive beamformer is applied at the sensor
array and its output is given by

y(k) = wH x(k) (2)

where w = [w1 , w2 , . . . , wM ]T is the complex vector of beam-
former weights, and (·)T and (·)H denote the transpose and
Hermitian transpose, respectively. By substituting (1) into (2),
it follows that

y(k) = wH as(k) + wH i(k) + wH n(k). (3)

The performance of a beamformer is usually measured by the
output signal-to-interference-plus-noise ratio (SINR), which is
given by

SINR =
σ2

s

∣
∣wH a

∣
∣
2

wH Ri+nw
(4)

where σ2
s is the power of the signal of interest, |·| denotes the

absolute value, and Ri+n ∈ CM ×M is the interference-plus-
noise covariance matrix defined as

Ri+n = E
{

(i(k) + n(k)) (i(k) + n(k))H
}

.

Here, E {·} denotes the statistical expectation. However, Ri+n

is usually not available in real-world applications. Instead, the
sample covariance matrix

R̂y =
1
K

K∑

k=1

x(k)xH (k) (5)

is used in practice as an alternative of Ri+n , where K is the size
of the training sample. Note that advanced covariance matrix
estimators [22] can also be used here, and x(k) here is not
signal free in general.

The MVB is formulated to maximize the SINR by mini-
mizing the output power of the sensor array while keeping a
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distortionless response of the desired signal, which is given by

min
w

wH R̂yw s.t. wH a = 1. (6)

To hedge the mismatch between the real steering vector and
the assumed one, we consider the RMVB in this letter. For the
RMVB, the equality constraint in (6) is usually modified into an
inequality constraint, see [3] and [8]. This is because the equality
constraint cannot hold for all the possible steering vectors.

In this letter, we adopt the formulation as that in [3], and the
MVB problem can be formulated as follows:

min
w

wH R̂yw s.t. Re{wH a} ≥ 1 (7)

where Re{·} stands for the real part of a complex number. This
formulation provides an efficient lower bound for the magnitude
of the response, which is particularly true when the uncertainty
in the array response is relatively small. Then, we introduce the
error vector

δ � a − ã (8)

where ã and δ denote the assumed steering vector and the
mismatch vector, respectively. Using (8), problem (7) becomes

min
w

wH R̂yw s.t. Re
{

wH (ã + δ)
} ≥ 1. (9)

In order to transform problem (9) into a real-valued form, we
define

w �
[

Re {w}
Im {w}

]

, ã �
[

Re {ã}
Im {ã}

]

, δ �
[

Re {δ}
Im {δ}

]

(10)

R �

⎡

⎣

Re
{

R̂y

}

−Im
{

R̂y

}

Im
{

R̂y

}

Re
{

R̂y

}

⎤

⎦. (11)

By considering (10) and (11), problem (9) can be rewritten into
the following real-valued form:

min
w

wT Rw s.t. wT (ã + δ) ≥ 1. (12)

B. Worst-Case Robust and the Gaussian Robust Beamformers

The worst-case-based beamformer [3] is formulated as

min
w

wT Rw (13)

s.t. min
‖δ‖≤η

wT (ã + δ) ≥ 1 (14)

where ‖ · ‖ denotes the Euclidian norm. According to [3], the
second-order cone programming (SOCP) reformulation of prob-
lems (13) and (14) is

min
w,τ

τ (15)

s.t. ‖Lw‖ ≤ τ (16)

η‖w‖ ≤ wT ã − 1 (17)

where R = LT L.
The Gaussian robust beamformer [8] design is formulated as

min
w

wT Rw (18)

s.t. Pr[G]
[

wT (ã + δ) ≥ 1
] ≥ p (19)

where Pr[G] [·] stands for the probability under the Gaussian
distribution G, and p ∈ (0, 1) denotes the probability that the
inequality wT (ã + δ) ≥ 1 holds. Here, δ is subject to Gaussian
distribution. The SOCP reformulation of problems (18) and (19)
can be obtained similar to that in [8]

min
w,τ

τ (20)

s.t. ‖Lw‖ ≤ τ (21)

σerf−1(2p − 1) ‖w‖ ≤ wT ã − 1 (22)

where

erf(x) =
2√
π

∫ x

0
e−t2

dt (23)

denotes the standard error function for the Gaussian distribution.

III. DISTRIBUTIONALLY ROBUST BEAMFORMER

In this section, we develop a more general robust
beamformer—DR-beamformer. More specifically, the beam-
former design is based only on the first-order and second-order
moments of the channel mismatch. Here, we assume that the
stochastic distribution of δ, which is denoted as P , is within the
following set:

P =
{

P
∣
∣E[P ]{δ} = 0, E[P ]{δδT } = σ2I

}

. (24)

The robustness here is in the sense of finding the worst-case
distribution among all the possible distributions in P rather
than the Gaussian distribution such that the chance constraint

Pr[P ]
[

wT (ã + δ) ≥ 1
] ≥ p

is satisfied. Therefore, we formulate the DR-beamformer as
follows:

min
w

wT Rw (25)

s.t. inf
P∈P

Pr[P ]
[

wT (ã + δ) ≥ 1
] ≥ p. (26)

Without the Gaussian distribution assumption, the chance
constraint (26) is usually nonconvex [23] and hence it is difficult
to solve problems (25) and (26). In the following, we derive a
tractable reformulation of problems (25) and (26).

Theorem 1: Problems (25) and (26) can be reformulated as
the following conic optimization problem:

min
τ ,β ,w,M

τ (27)

s.t. ‖Lw‖ ≤ τ (28)

β +
1

1 − p
Tr(ΩM) ≤ 0 (29)

M +

⎡

⎢
⎣

0
1
2
w

1
2
wT wT ã + β − 1

⎤

⎥
⎦ � 0 (30)

M � 0 (31)

where Tr(·) denotes the matrix trace

Ω =

⎡

⎣

σ2

2
I 0

0 1

⎤

⎦ (32)
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TABLE I
COMPUTATIONAL COMPLEXITY COMPARISONS

RMVB Worst-case Gaussian DR-beamformer

Complexity O(M 3 T 3 ) O(M 3 T 3 ) O(M 4 .5 T 4 .5 )

and M ∈ S2M N +1 is the set consisting of all the (2MN +
1) × (2MN + 1) symmetric matrices.

Proof: See the Appendix. �
To establish the relationships between the proposed DR-

beamformer and the other RMVBs, we rewrite M as

M =
[

M 1 m2
mT

2 m3

]

. (33)

From (29) and (33), we have

−β ≥ 1
1 − p

Tr (ΩM) =
1

1 − p

(
σ2

2
Tr (M 1) + m3

)

.

(34)
By considering (30) and (33), we have

⎡

⎢
⎣

M 1
1
2
w + m2

1
2
wT+mT

2 wT ã + β − 1 + m3

⎤

⎥
⎦ ≥ 0. (35)

Then, we apply Schur-complement [25] to (35) yielding

wT ã + β − 1 + m3 −
(

1
2
wT + mT

2

)

M †
1

(
1
2
w + m2

)

≥ 0

(36)
where (·)† is matrix pseudo-inverse. Together with (34), we have

wT ã − 1

≥ −β +
(

1
2
wT + mT

2

)

M †
1

(
1
2
w + m2

)

− m3

≥ 1
1 − p

(
σ2

2
Tr (M 1) + m3

)

− m3

+
(

1
2
wT + mT

2

)

M †
1

(
1
2
w + m2

)

=
1
4
wT M †

1w + c (37)

where c = σ 2

2(1−p) Tr (M 1) + p
1−p m3 + mT

2 M †
1m2 + 1

2 (wT

M †
1m2 + mT

2 M †
1w).

By comparing (37) with (17) and (22), we can see that when
M †

1 = κI , (37) becomes (17) if κ = 4η and c = 0, while (37)
becomes (22) if κ = 4σerf−1(2p − 1) and c = 0. Thus, our
design is more general.

According to the results in [26], we list the computational
complexity order of three beamformers in Table I. It can be
seen from Table I that the DR-beamformer has a higher com-
putational complexity order than the other two robust beam-
formers. It will be seen in the next section that the proposed
DR-beamformer has a better SINR performance than the other
two robust beamformers. Indeed, the performance-complexity
tradeoff among these RMVBs is interesting for real-world ap-
plications.

Fig. 1. Example 1: Gaussian mixture mismatch.

IV. SIMULATIONS

We consider a uniform linear array with M = 5 omnidirec-
tional sensor elements, and each element is spaced half a wave-
length apart from the adjacent ones. The number of training
samples is set as K = 80. There are two interfering sources with
plane waveforms, and their directions of arrivals are 20◦ and 50◦.
The interference-to-noise ratio is set as 20 dB. We fix the as-
sumed steering vector ã =

[

1, ejπ sin(θ) , . . . , ejπ sin((M −1)θ)
]T

with θ = 5◦ (0.087 radian) throughout the simulations. The
CVX toolbox [24] is used to compute the weight vectors of the
worst-case robust beamformer (13), (14), the Gaussian robust
beamformer (18), (19), the robust beamformers in [11] and [12],
[8, Section III-B], [10, Section IV], and the DR-beamformer
(27)–(31). The mismatch vector δ in (8) is generated randomly
based on distributions detailed later. For each realization of a,
the optimal SINR and the output SINR of each beamformer
are evaluated with the actual a and the true Ri+n as (4). All
simulation results are averaged through 1000 realizations of a.

In the first example, we choose η = 0.3 and 0.5 in (14),
and p is set as 0.9. We consider the Gaussian mixture model,
which is widely used to approximate the non-Gaussian noise in
communications [27]. The probability density function (pdf) of
δm is given as

f(δm ) =
L∑

l=1

λl

πσ2
l

exp
{

−|δm |2
σ2

l

}

, m = 1, . . . , M (38)

where
∑L

l=1 λl = 1. According to [27], (38) is a spherically
symmetric bivariate pdf for the complex-valued random variable
δm . In particular, for the case of L = 2, it is a typical model
for impulsive noise if σ2 	 σ1 and λ2 < λ1 . Fig. 1 shows the
beamformer output SINR versus the signal-to-noise ratio (SNR)
for a steering vector mismatch scenario with σ2

1 = 0.1, λ1 =
0.9, σ2

2 = 1.2, and λ2 = 0.1. It can be seen from Fig. 1 that
the proposed DR-beamformer yields the highest output SINR
among all eight beamformers tested.

In the second example, a Gaussian steering vector mismatch is
considered with zero-mean and variance of 0.1. We set η = 0.3
and 0.5, and p = 0.95. We plot the output SINR versus the
SNR in Fig. 2. It can be seen from Fig. 2 that the performance
of the DR-beamformer is better than the other seven robust
beamformers. Note that because the mismatch vector δ has
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Fig. 2. Example 2: Gaussian mismatch.

Fig. 3. Example 2: Gaussian robust beamformer with various p.

different distributions in two simulation examples, the behavior
of some curves in Fig. 2 is slightly different to that in Fig. 1.

Interestingly, it can be observed from Fig. 2 that although
δ is Gaussian, the proposed beamformer has a better perfor-
mance than the Gaussian robust beamformer. The reasons are
explained below. Let us consider problems (25) and (26). As
the constraint Pr[P ]

[

wT (ã + δ) ≥ 1
] ≥ p needs to hold for

the worst-case distribution in the distribution space, there is
Pr[G]

[

wT (ã + δ) ≥ 1
] ≥ p1 with p1 ≥ p. Therefore, when δ

has a Gaussian distribution, problems (25) and (26) become

min
w

wT Rw s.t. Pr[G]
[

wT (ã + δ) ≥ 1
] ≥ p1 (39)

which is essentially the Gaussian robust beamformer (18), (19)
with p1 ≥ p. It can be seen from Fig. 3 (with same simulation
setups as shown in Fig. 2) that for the Gaussian robust beam-
former, the output SINR increases with p until p approaches to
1 (where the problem becomes infeasible). Therefore, the pro-
posed DR-beamformer has a better SINR performance than the
Gaussian robust beamformer for p < 1.

V. CONCLUSION

A more general distributionally robust optimization based
beamformer is formulated, and the corresponding tractable re-
formulation is derived. The computational complexities of the
RMVBs are compared. Particularly, a better performance of the

DR-robust beamformer has been demonstrated in terms of its
general formulation.

APPENDIX

PROOF OF THEOREM 1

The following results are needed to prove Theorem 1.
Lemma 1: [18, Theorem 2.2]: Let L : Rk → R be a contin-

uous loss function that is either concave in ξ̃ or quadratic in ξ̃.
Then, the following equivalence holds:

inf
P∈P

Pr[P ]

[

L(ξ̃) ≤ 0
]

≥ 1 − ε ⇐⇒ sup
P∈P

P

− CVaRε

[

L(ξ̃)
]

≤ 0 (40)

where ξ̃ is a random vector and P is defined in (24), and

P − CVaRε

[

ξ̃
]

= inf
β∈R

{

β +
1
ε

E[P ]

[(

ξ̃ − β
)+
]}

where R denotes the set of all real numbers and (a)+ =
max(a, 0) for a real number a.

Lemma 2: [18, Theorem 21]: The feasible set
{

x ∈ Rn : sup
P∈P

P − CVaRε

[

y0(x) + yT(x)ξ̃
]

≤ 0
}

(41)

can be written as
⎧

⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x ∈ Rn :

M � 0, β + 1
ε Tr(ΩM) ≤ 0,

M −

⎡

⎢
⎣

0
1
2
y(x)

1
2
yT(x) y0(x) − β

⎤

⎥
⎦ � 0

⎫

⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(42)

where

Ω =
[
Σ + μμT μ

μT 1

]

(43)

μ and Σ are the mean and covariance of ξ̃, y0(x) and y(x)
depend affinely on x.

Now, we start to prove Theorem 1. In view of (26), we can
see that L (δ) = 1 − wT (ã + δ) depends affinely on δ, which
also implies that L (δ) is concave in δ. Thus, from Lemma 1,
we know that (26) is equivalent to

sup
P∈P

P − CVaR1−p

[

1 − wT (ã + δ)
] ≤ 0 (44)

where

P − CVaR1−p

[

1 − wT (ã + δ)
]

= inf
β∈R

{

β +
1

1 − p
E[P ]

[(

1 − wT (ã + δ) − β
)+
]}

.

Let y0 (w) = 1 − wT ã and y(wk ) = −w. Clearly, y0(w)
and y(w) affinely depend on w. Here, μ = 0 and Σ = σ 2

2 I .
Then, from Lemma 2, (44) can be rewritten as constraints (29)–
(31). Note that R = LT L. By introducing a new decision vari-
able τ , (25) can be rewritten in the epigraph form as that in (27)
and (28). This completes the proof. �
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