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Transceiver Design for AF MIMO Relay Systems
With a Power Splitting Based Energy

Harvesting Relay Node
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and Zhu Han , Fellow, IEEE

Abstract—In this article, a dual-hop amplify-and-forward (AF)
multiple-input multiple-output (MIMO) relay communication sys-
tem is studied. With a splitting (PS) protocol, the relay node har-
vests the radio frequency (RF) energy in the signals sent by the
source node and utilizes the harvested energy to forward signals
from the source node to the destination node. We aim at maxi-
mizing the source-destination mutual information (MI) through
a joint design of the source matrix, the relay matrix, and the PS
ratios under the source node power constraint and the relay node
harvested energy constraint. We consider a general sum energy
constraint at the relay node with different PS ratios across relay
antennas, which includes existing works based on uniform PS or per
data stream energy constraint as special cases. Moreover, a prac-
tical nonlinear energy harvesting (EH) model is adopted, where
the harvested energy is bounded as the incident RF signal power
increases. We establish the structure of the source matrix and the
relay matrix, which simplifies the complicated transceiver design
problem with matrix variables to a power distribution problem
with scalar variables. Three approaches are proposed to efficiently
solve the optimal power distribution problem. In particular, the
first proposed algorithm solves the original nonconvex power al-
location problem using the sequential quadratic programming,
while the other two algorithms convert the original problem to
convex problems by exploiting a tight upper bound and a tight
lower bound of the objective function, respectively. Numerical
simulations demonstrate that when the EH circuit works in the
linear region, the proposed algorithms have a larger system MI
than existing PS and TS based MIMO AF relay systems. The peak
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harvest power constraint plays an important role in choosing the
location of the relay node.

Index Terms—Energy harvesting, power splitting receiver,
multiple-input multiple-output relay, amplify-and-forward relay.

I. INTRODUCTION

A. Background

THE number of wireless devices has significant increased
over the last years. A key factor which limits the perfor-

mance of these devices is the life time and energy constraints.
The life time of these devices can be extended by battery
replacing. However, battery replacing may be costly and hard
to perform in many cases because of physical or economic
constraints. For example, for some applications wireless devices
can be located inside building structures or human bodies.

Thus, it is important for wireless systems to have the capability
of harvesting energy from external sources [1]. Conventional
energy harvesting (EH) technologies, which mainly rely on
natural energy resources such as solar energy and wind, have
drawbacks in that these energy sources are hard to control.
Thus, they do not provide a reliable power supply to wireless
devices. In order to overcome the constraints of conventional
EH methods, an emerging technology utilizing radio frequency
(RF) signals to transfer energy has been proposed [2]. Com-
pared with conventional EH technologies, the RF-based EH and
wireless powered communication (WPC) technique has distinct
advantages for wireless networks.

B. Related Works

In [3], an ideal receiver which performs simultaneous infor-
mation decoding (ID) and EH has been discussed. However,
this ideal receiver has two challenges for practical implemen-
tation [2]. Firstly, circuits aimed for EH usually cannot decode
the information carried by the signal. To coordinate wireless
information transmission (WIT) and wireless energy transfer
(WET), time switching (TS) and power splitting (PS) protocols
have been developed in [4]. Secondly, as WIT and WET systems
work with different sensitivity (−60 dBm and −10 dBm for
ID receivers and EH receivers, respectively), the architecture of
traditional ID receivers may not be optimal for the EH receivers.
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To overcome this limit, in [2] separated and integrated structure
receivers have been proposed for a more general dynamic PS
protocol. Waveform design for efficient WET has been studied
in [5] and [6].

Multiple-input multiple-output (MIMO) technology can in-
crease the system spectral efficiency and energy efficiency
[7]–[9]. Moreover, by installing multiple transmit antennas at
nodes of a wireless network, RF energy can be more effectively
delivered to wireless devices compared with nodes having only
a single antenna, and thus, the life time of energy limited
wireless systems is effectively extended. A MIMO broadcasting
system using a receiver with separated ID and EH architecture
has been proposed in [4], where the rate-energy regions have
been calculated for the PS and TS protocols. A multiple-input
single-output (MISO) system has been investigated in [10],
where under signal-to-interference-plus-noise ratio (SINR) con-
straints, joint design of the transmit beamforming vector and
the PS ratio is performed to minimize the total transmission
power.

Relay technique can be used to expand the network coverage
of wireless communication [11]–[13]. In relay systems with EH
relays, relay nodes can harvest RF energy and receive informa-
tion from the source node. Then the relay nodes process and
forward the source signals to the destination nodes by utilizing
the harvested RF energy. Recently, employment of EH relay
nodes in relay systems has been studied in [14]–[21]. PS and
TS based EH protocols have been studied in [14] with amplify-
and-forward (AF) relay systems. In [15], a cooperative system
has been proposed, where multiple transmitter-receiver pairs
communicate simultaneously under the assistance of an EH relay
node. The effect of the distribution of user energy on the system
performance and complexity has been studied in [15]. A commu-
nication system with randomly placed decode-and-forward (DF)
wireless powered relays has been addressed in [16]. The authors
of [16] have shown that the same diversity gain as traditional
relay nodes with constant power supply can be achieved with EH
relays. For WPC in interference relay networks, a game theoretic
distributed PS approach has been developed in [17]. In [18],
WPC for a relay system with the orthogonal frequency-division
multiplexing technology has been studied. Recently, WPC using
full duplex relays has been studied in [19]–[21].

The employment of EH relays in MIMO relay communica-
tion systems has been discussed in [22]–[32]. Under several
receiver architectures, energy-rate trade-offs by applying the
EH technique in MIMO relay communication systems have
been investigated in [22]. Challenges in this research topic have
also been presented in [22]. PS and TS protocols have been
proposed in [23] for an AF MIMO relay communication system,
where the joint source matrix and relay matrix optimization has
been considered to optimize the system rate. In particular, per
data stream energy constraint has been considered for the PS
protocol in [23]. An AF MIMO relay communication system
based on space-time block code and an EH receiver with multiple
antennas has been investigated in [24] and [25], where joint
source matrix and relay matrix optimization has been proposed
to achieve energy-rate trade-offs.

In [26], WPC has been applied in massive MIMO relay
systems. In [27], the relay matrix optimization has been inves-
tigated for a relay system with a multi-antenna EH relay node
and single-antenna source and destination nodes. An iterative
algorithm and a channel diagonalization base algorithm have
been developed in [28] for the joint optimization of the relay
matrix and the source precoder in wireless-powered MIMO
relay networks. Iterative approaches and dual decomposition
have been proposed in [29] for MIMO relay systems with a
PS-based EH relay. Recently, joint transceiver optimization for
wireless information and energy transfer in AF MIMO relay
systems has been studied in [30], where a general source node
energy consumption constraint has been considered.

C. Contributions of This Paper

In this work, we study a dual-hop AF MIMO relay communi-
cation system, where a receiver with EH capability is applied at
the relay to facilitate the information and energy transmission.
The relay node is particularly useful in systems where the direct
source-destination link is much weaker than the link through
the relay node due to shadowing and path attenuation by ob-
stacles [23]–[25], [29], [30]. We apply the PS protocol in this
paper, where signals received at the relay node are split into
two portions. One part of the signals are linearly precoded and
forwarded to the destination node using the energy harvested
from the other part of the signals.

It is assumed in [23] that the energy harvested on one sub-
channel of the source-relay link is solely used for transmitting the
information on this subchannel. Here, we depart from this strict
per data stream energy constraint and consider a general sum
energy constraint at the relay node. Compared to the formulation
in [23], the total energy harvested by the relay node over all
antennas can be used to forward signals at all subchannels.
Thus, the sum energy constraint in this paper is more general
and includes the per data stream energy constraints adopted
in [23] as special cases. Therefore, we can expect a better system
performance.

We would also like to note that in [26]–[29], the same PS ratio
is applied across all antennas (i.e., uniform PS according to [4]).
On the contrary, in this paper we consider a more general system
with different PS ratios across antennas. Since the proposed sys-
tem includes the uniform PS ratio systems [26]–[29] as a special
case, a better system performance can be achieved. On the other
hand, the system optimization problem is more challenging to
solve, as multiple PS ratios need to be optimized. For systems
where the same PS ratio is used across all antennas (e.g. [28]), an
exhaustive search is applied to optimize the PS ratio, which can
be time-consuming if a very small step-size is adopted during the
search. With multiple PS ratios, the optimization method needs
to be changed, as it is impractical to use exhaustive search over
multiple dimensions.

In [22]–[30], it is assumed that the harvested power at the relay
node linearly increases with the power of the incident RF signal.
However, it has been shown in [33], [34] that such linear model
does not hold in practice. In this paper, a practical nonlinear EH
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model is adopted, where the harvested energy is bounded as the
incident RF signal power increases.

We investigate the joint design of the source matrix, the relay
matrix, and the PS ratios to optimize the achievable system
mutual information (MI), under the power constraint at the
source node and the proposed sum harvested energy constraint
at the relay node. We derive the structure of the source matrix
and the relay matrix, which reduces the complex-valued matrix
optimization variables to scalar power allocation optimization
variables. We propose three approaches to efficiently solve the
optimal power distribution problem. In particular, the first pro-
posed algorithm solves the original nonconvex power allocation
problem using the sequential quadratic programming (SQP)
method [35], while the other two algorithms convert the original
problem to convex problems by utilizing a tight upper bound
and a tight lower bound of the system MI function, respectively.
In particular, we demonstrate that the optimal power allocation
problem based on the upper bound can be converted to a non-
linear semidefinite programming (SDP) problem, which can be
efficiently solved by the disciplined convex programming tool-
box CVX [36]. A primal-dual interior-point method is applied
to solve the lower bound based power distribution problem.
We demonstrate through numerical simulations that the three
proposed algorithms have a very similar performance in terms
of the system MI.

The main contributions of this paper compared with the state-
of-the-art approaches are summarized as follows:

1) Compared with [26]–[29], a more general system with
different PS ratios across antennas is considered in this
paper.

2) A general sum energy constraint is proposed at the relay
node compared with the per data stream energy constraint
in [23]. Based on our best knowledge, this has not been
considered in the literature when different PS ratios are
used across relay antennas. The sum energy constraint
enables a more flexible allocation of the harvested energy
to the concurrent data streams at the relay node.

3) Compared with [22]–[30], a more practical nonlinear EH
model is adopted at the relay node. In addition, the circuit
energy consumption has been considered at the relay node.

4) By exploiting the structure of the source matrix and the
relay matrix, the difficult joint transceiver design problem
is reduced to a simpler optimal power allocation problem.

5) Three algorithms are developed to solve the optimal source
and relay power allocation problem. These algorithms
achieve complexity-performance trade-offs. In particular,
the third algorithm yields a slightly smaller system MI with
a lower computational complexity compared with the first
two algorithms.

6) The proposed algorithms are shown to yield higher system
MI than that in [23], [29], and [30] when the EH works in
the linear range.

The system and algorithms developed in this paper can be
applied, for example, in a heterogeneous wireless network which
consists of users of various capabilities. Inactive users having
MIMO capabilities in the network can be utilized as relay nodes
to assist those active users [22]. In particular, by harvesting the

Fig. 1. A dual-hop AF MIMO relay system with a PS based EH relay node.

RF energy transmitted by the access point, these relay nodes
do not need to use their own energy supply to help forwarding
signals from the access point to the destination node. This would
help motivate users to be involved in the relay system. It is known
that the EH nonlinear response is a function of the input signal
properties, i.e. shape, and not only power, as shown in [5] and [6].
However, in this paper, only the dependence on the input power
is modeled, and there is therefore no claim of optimality on the
transmit signal.

D. Organization

The remainder of this article is organized as below. The
system model of a dual-hop AF MIMO relay system employing
a wireless powered relay node is introduced in Section II. The
joint source, relay, and PS ratio optimization problem is also
formulated in this section. In Section III, three algorithms are
presented to solve the source and relay design problem. Numer-
ical simulations are performed in Section IV to compare the per-
formance of existing approaches with our proposed transceiver
design algorithms. Finally, we draw conclusions in Section V.

II. SYSTEM MODEL

We investigate a dual-hop three-node MIMO communication
system where a source node communicates with a destination
node via a relay node as illustrated in Fig. 1. The number of
antennas at the source, relay, and destination nodes are Ns, Nr,
and Nd, respectively. It is assumed that both the source node
and the destination node have constant power supply, but the
relay node obtains its power from harvesting the RF energy
from signals sent from the source node. One source-destination
communication cycle is completed in two phases with equal du-
ration. During the source phase, energy and information carrying
signals are sent from the source node to the relay node, and the
relay node adopts the PS protocol [4] to harvest energy from the
received signals.

For the relay phase, the information-bearing signals received
by the relay node are multiplied by a precoding matrix and
forwarded to the destination node [23]. Among various relay
protocols at the relay node, we choose the AF scheme thanks
to its shorter processing delay and implementation simplicity.
Moreover, in contrast to regenerative relay protocols, in the
AF relay protocol, the relay node does not need to decode and
then re-encode information signals. Thus, the amount of signal
processing and coding work at the relay node is smaller in an AF
relay system. This reduces the power consumption of the relay
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node and makes the AF scheme suitable for wireless-powered
relay nodes. Following [23]–[25], [29], and [30], the direct link
between the source node and the destination node is omitted, as
compared with the link through the relay node, path shadowing
and attenuation are more severe on the direct link. This is a
typical scenario where relay nodes are useful. If there exists a
strong direct link, it is better to have a one-hop source-destination
communication through the direct path.

During the source phase with a duration of T/2, where T
is the duration of one source-destination communication cycle,
an Ns × 1 source signal vector s is multiplied by an Ns ×Ns

source matrix B. Then the precoded vector is sent to the re-
lay node. We assume that E{ssH} = INs

, where E{·} is the
statistical expectation, In stands for an n× n identity matrix,
and (·)H represents the Hermitian transpose. For the sake of
notational simplicity, we choose T = 2 in the rest of the paper.
The signal vector received by the relay node is given by

yr = HBs+ va (1)

where H is an Nr ×Ns MIMO channel matrix between the
source and relay nodes, and va is the noise at the antenna.

During the relay phase with a duration of T/2 = 1, with the
PS protocol, the relay node first applies di ≥ 0 to split yr,i,
where yr,i is the received signal at the ith antenna of the relay
node. Then

√
di yr,i is used for information transmission and√

1 − di yr,i is reserved for EH. From (1), the information-
bearing signal vector yi and the energy-carrying signal vector
ye can be written respectively as

yi = D
1
2 yr + vr = D

1
2 HBs+D

1
2 va + vr (2)

ye = (INr
−D)

1
2 yr = (INr

−D)
1
2 HBs+ (INr

−D)
1
2 va

(3)

where D = diag(d1, . . . , dNr
) is the Nr ×Nr diagonal PS ma-

trix, vr is the noise vector introduced by the RF to baseband
signal conversion [4] at the relay node with zero-mean and
E{vrv

H
r } = σ2

rINr
. Here diag(·) stands for a diagonal matrix.

Similar to [2], we assume that vr is much larger than va and the
energy in va is much smaller than that in HBs. Therefore, (2)
and (3) can be approximated by

yi ≈ D
1
2 HBs+ vr (4)

ye ≈ (INr
−D)

1
2 HBs. (5)

With a linear EH model (e.g. [23] and [26]–[30]), the RF
energy harvested by the relay node can be obtained from (5) as

E ′
r = η1E{tr(yey

H
e )}

= η1tr((INr
−D)HBBHHH) (6)

where 0 < η1 < 1 denotes the efficiency of energy conversion
and tr(·) stands for the matrix trace. It has been shown in [33]
and [34] that the linear model (6) is optimistic and for practical
EH circuits, the harvested energy is bounded as the incident RF
signal power increases. Taking this upper-bound into account,

we apply the following nonlinear EH model1 [37]–[39]

Er = min(η1tr((INr
−D)HBBHHH), E ′

m) (7)

where E ′
m is the maximum output power of the EH circuit when

it is saturated [33]. Since T/2 = 1, E ′
m is also the maximal

harvested energy at the relay node.2

From (4), the signal vector transmitted by the relay node is
given by

xr = Fyi = FD
1
2 HBs+ Fvr (8)

where F is an Nr ×Nr linear precoding matrix at the relay
node. Based on (8), the signal vector received at the destination
node can be written as

yd = Gxr + vd

= GFD
1
2 HBs+GFvr + vd (9)

where G is an Nd ×Nr MIMO channel matrix between the
relay and destination nodes, and vd is the AWGN vector at the
destination node with zero-mean andE{vdv

H
d } = σ2

dINd
. From

(9), the MI between the source and destination nodes can be
written as [11]

MI(D,Q,F) =
1
2
log

∣
∣
∣INd

+GFD
1
2 HQHHD

1
2 FHGH

× (

σ2
rGFFHGH + σ2

dINd

)−1
∣
∣
∣ (10)

where Q = BBH , (·)−1 and | · | stand for the matrix inversion
and matrix determinant, respectively.

It is assumed that channel matrices H and G are quasi-static
block fading which are constant over some time before they
change to another realization. We assume that the channel state
information (CSI) ofH andG is known. In practice, the required
CSI can be estimated, for instance, through algorithms in [50]
and the references therein. From (8), the energy consumption
at the relay node to forward xr to the destination node is
represented as

tr
(

E
{

xrx
H
r

})

= tr
(

F
(

D
1
2 HQHHD

1
2 + σ2

rINr

)

FH
)

.

(11)

1Besides the saturation nonlinear model [37]–[39], there are other nonlinear
models such as [5], [6], [40], [41] which is based on the diode current analysis,
and [33], [34], [42] which is based on curve-fitting of the input-output power. In
particular, fitting methods to model nonlinearity in a larger range of input power
are available in [42]. It is shown in [5] and [6] that the EH efficiency is dependent
on the waveform of the input signal, which has an impact on the amount
of harvested power, particularly in the low power regime. For the saturation
nonlinear model, it is shown in [43] and [44] that transmit signal (modulation,
input distribution, etc) needs to be optimized to account for nonlinearity. Among
various nonlinear models, the model in [37]–[39] is analytically tractable for the
AF MIMO relay system considered in this paper and is shown to match the
experimental results [39].

2Saturation of the EH circuits has been observed in experimental results [45]–
[47]. The reason of the saturation effect is that when a diode is reverse biased by
a voltage higher than its breakdown voltage, the diode operates at its breakdown
region. Therefore, the output power of the EH circuit is limited by the diode
breakdown voltage [40], [41]. In practical systems, the harvester should avoid
working in the saturation region, which can be achieved by designing the
harvester correctly as explained in [40, Remark 5] and [41, Table 1]. In this
work, the saturation effect of the EH circuits is considered for the generality of
analysis. It will be shown that the saturation nonlinear model plays an important
role in choosing the location of the relay node.
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Following [51], we consider the circuit energy consumption
at the relay node, which consists of a static part for the basic
consumption of the circuit and a dynamic part that varies with the
amount of information transmission. The static part is modeled
asNrPc, wherePc denotes the power consumption of the circuit
driving each antenna. The dynamic part is given by ξEr, where
0 < ξ < 1 [30]. According to (7) and (11), the energy constraint
at the relay node is given by

tr
(

F
(

D
1
2 HQHHD

1
2 + σ2

rINr

)

FH
)

+NrPc ≤ (1 − ξ)Er.

(12)
From (10) and (12), the transceiver optimization problem for

the proposed AF MIMO relay system with a PS based EH relay
node can be written as,3

max
D,Q,F

MI(D,Q,F) (13a)

s.t. tr(Q) ≤ P (13b)

tr
(

F
(

D
1
2 HQHHD

1
2 + σ2

rINr

)

FH
)

≤ Em (13c)

tr
(

F
(

D
1
2 HQHHD

1
2 + σ2

rINr

)

FH
)

+NrPc

≤ η tr
(

(INr
−D)HQHH

)

(13d)

Q ≥ 0, 0 ≤ di ≤ 1, i = 1, . . . , Nr (13e)

where Em = (1 − ξ)E ′
m −NrPc, η = η1(1 − ξ), and P is the

power available at the source node. Note that (13c) and (13d) are
the sum energy constraint across all data streams, while in [23],
an energy constraint is imposed on each data stream. Thus, the
problem in (13) has a larger feasible region than the problem
in [23]. Hence, the transceivers designed under problem (13)
should have a better performance than those in [23]. This will
be shown further in next sections.

III. PROPOSED TRANSCEIVER OPTIMIZATION ALGORITHMS

The transceiver design problem (13) is nonconvex with matrix
variables. In particular, the complicated objective function in
(13a) and the constraint in (13d) make problem (13) difficult
to solve. In this section, we first derive the structure of Q, D,
and F, with which the problem (13) can be reduced to a simpler
joint source and relay power allocation problem with scalar vari-
ables. Then we propose three algorithms to efficiently solve the
power allocation problem which achieve various performance-
complexity trade-offs.

Based on Hadamard’s inequality on matrix determinant, the
objective function (13a) is maximized ifD

1
2 HQHHD

1
2 FHGH

(σ2
rGFFHGH + σ2

dINd
)−1GF is a diagonal matrix. Towards

this end and considering that D is diagonal, we design Q and

3With the diode current analysis based nonlinear EH model [40] it has
been shown in [40], [41], [48], [49] that input signal properties including the
waveform, modulation, and distribution have impact on the system design. For
instance, as explained in [40] that considering the rectifier nonlinearity, a nonzero
mean Gaussian input distribution outperforms the conventional zero-mean Gaus-
sian input distribution in multicarrier transmissions in terms of the harvested
energy. In this paper, we assume that the input signal has zero-mean Gaussian
distribution. Consequently, we only consider the optimization of the covariance
matrix Q at the source node. Although such Gaussian signalling makes the
optimization problem tractable, it is suboptimal.

D such that

D
1
2 HQHHD

1
2 = Σ (14)

where Σ is an Nr ×Nr diagonal matrix. Based on (14), it can
be seen that the problem of optimizing F is given by

max
F

log
∣
∣INd

+GFΣFHGH(σ2
rGFFHGH + σ2

dINd
)−1
∣
∣

(15a)

s.t. tr
(

F(Σ+ σ2
rINr

)FH
) ≤ Em (15b)

tr
(

F(Σ+ σ2
rINr

)FH
)

+NrPc

≤ η tr
(

(INr
−D)HQHH

)

(15c)

where we omit the constant 1/2 in the objective function (15a).
Let us denote

G = UgΛ
1
2
gV

H
g (16)

as the singular value decomposition (SVD) of G, where the
dimension ofΛg isNd ×Nr and its diagonal elements are sorted
in decreasing order. It can be proven using the results in [12] that
the optimal F as the solution to the problem in (15) is

F = VgΛ
1
2
f (17)

where Λf is an Nr ×Nr diagonal matrix. Considering
that the largest number of concurrent data streams for
information transmission supported by this relay system
is K = min(Ns, Nr, Nd), the optimal Λf satisfies Λf =
bd(Λf,1,0Nr−K), wherebd(·) denotes a block diagonal matrix,
Λf,1 is a K ×K diagonal matrix, and 0n stands for an n× n
matrix with all zero elements.

Similarly, considering the maximal number of concurrent data
streams is K, based on (14) we choose D as

D = bd(D1,0Nr−K) (18)

where D1 is a K ×K diagonal matrix. This implies that signals
at K antennas of the relay node are used for both EH and
information transmission, while the remainingNr −K relay an-
tennas are used solely for EH (i.e., di = 0, i = K + 1, . . . , Nr).
Thus, (14) is achievable by

H1QHH
1 = Λ (19)

where Λ is a K ×K diagonal matrix, and H1 contains the first
K rows of H. Let us introduce

H1 = UhΛ
1
2
hV

H
h (20)

as the SVD of H1, where Λh is a K ×K diagonal matrix. From
(19) and (20), we have

Q = VhΛ
− 1

2
h UH

h ΛUhΛ
− 1

2
h VH

h . (21)

From (17), (18), and (21), the transceiver optimization prob-
lem in (13) can be rewritten as

max
Λ,Λf,1,D1

log |IK +Λg,1Λf,1D1Λ

× (σ2
rΛg,1Λf,1 + σ2

dIK)−1| (22a)

s.t. tr(ΛUhΛ
−1
h UH

h ) ≤ P (22b)
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tr(Λf,1(D1Λ+ σ2
rINr

)) ≤ Em (22c)

tr(Λf,1(D1Λ+ σ2
rINr

)) ≤ η tr((IK −D1)Λ)

+ η tr(H̃ΛH̃H)−NrPc (22d)

0 ≤ di ≤ 1, λ̃f,i ≥ 0, λ̃i ≥ 0, i = 1, . . . ,K (22e)

where the constant 1/2 in (13a) is omitted in (22a),Λg,1 contains

the largest K singular values of G, H̃ = H2VhΛ
− 1

2
h UH

h , H2

contains the last Nr −K rows of H, λ̃f,i and λ̃i are the ith
main diagonal element of Λf and Λ, respectively. As Λ, Λf,1,
D1, and Λg,1 are diagonal matrices, the problem in (22) can
be equivalently rewritten to the following problem with scalar
optimization variables

max
d,λ,λf

K∑

i=1

log

(

1 +
diλiλf,iλg,i

1 + λf,iλg,i

)

(23a)

s.t.
K∑

i=1

aiλi ≤ σ−2
r P (23b)

K∑

i=1

λf,i(diλi + 1) ≤ Em (23c)

K∑

i=1

λf,i(diλi + 1) ≤ ησ2
r

K∑

i=1

(ci − di)λi −NrPc

(23d)

0 ≤ di ≤ 1, λf,i ≥ 0, λi ≥ 0, i = 1, . . . ,K (23e)

where ai and ci are the ith diagonal element of UhΛ
−1
h UH

h and
IK + H̃HH̃, respectively, λi = λ̃i/σ

2
r, λg,i = λ̃g,i/σ

2
d, λf,i =

λ̃f,iσ
2
r, λ̃g,i is the ith main diagonal element of Λg , d =

[d1, . . . , dK ]T , λ = [λ1, . . . , λK ]T , λf = [λf,1, . . . , λf,K ]T ,
and (·)T denotes the matrix transpose.

By introducing xi = λi, bi = λg,i, yi = λf,i(diλi + 1), i =
1, . . . ,K, the problem in (23) can be rewritten as

max
d,x,y

K∑

i=1

log

(

1 +
dixibiyi

1 + dixi + biyi

)

(24a)

s.t.
K∑

i=1

aixi ≤ σ−2
r P (24b)

K∑

i=1

yi ≤ Em (24c)

K∑

i=1

yi ≤ ησ2
r

K∑

i=1

(ci − di)xi −NrPc (24d)

0 ≤ di ≤ 1, xi ≥ 0, yi ≥ 0, i = 1, . . . ,K (24e)

where x = [x1, . . . , xK ]T and y = [y1, . . . , yK ]T . Let us intro-
duce wi = dixi, i = 1, . . . ,K. Then the problem in (24) can be

recast as

max
w,x,y

K∑

i=1

log

(

1 +
wibiyi

1 + wi + biyi

)

(25a)

s.t.
K∑

i=1

aixi ≤ σ−2
r P (25b)

K∑

i=1

yi ≤ Em (25c)

K∑

i=1

yi ≤ ησ2
r

K∑

i=1

(cixi − wi)−NrPc (25d)

xi ≥ wi ≥ 0, yi ≥ 0, i = 1, . . . ,K (25e)

where w = [w1, . . . , wK ]T . The original variables di, λi, and
λf,i, i = 1, . . . ,K, can be recovered from the solution of the
problem (25) as

di =

{
wi/xi xi �= 0

0 xi = 0
, λi = xi, λf,i = yi/(wi + 1).

In the following subsections, we develop three methods to
efficiently solve the optimal power allocation problem in (25),
which provide various performance-complexity trade-offs.

A. Proposed Method 1

By introducing wibiyi

1+wi+biyi
≥ ti, i = 1, . . . ,K, the problem in

(25) can be equivalently written as the following problem

max
w,x,y,t

K∑

i=1

log(1 + ti) (26a)

s.t.
wibiyi

1 + wi + biyi
≥ ti, i = 1, . . . ,K (26b)

K∑

i=1

aixi ≤ σ−2
r P (26c)

K∑

i=1

yi ≤ Em (26d)

K∑

i=1

yi ≤ ησ2
r

K∑

i=1

(cixi − wi)−NrPc (26e)

xi ≥ wi ≥ 0, yi ≥ 0, i = 1, . . . ,K (26f)

where t = [t1, . . . , tK ]T . Although log(1 + ti) is a concave
function of ti, constraints in (26b) cannot be proven to be convex.
Therefore, the problem in (26) is a nonconvex problem. In this
paper, we apply the sequential quadratic programming (SQP)
[35] method to solve the problem in (26). SQP is an iterative
algorithm where each search direction is obtained by solving
a particular quadratic programming (QP) subproblem, which is
obtained by a quadratic model of the objective function (26a)
and a linearization of the constraints in (26b). Different from
the second-order Taylor series approximation of the objective
function (26a), the second-order term in the quadratic model is
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a positive definite approximation of the Hessian matrix of the
Lagrangian function of the problem (26), so that the curvature
of the constraints (26b)–(26f) is also taken into consideration.
After the search direction is obtained, the optimization variables,
the Lagrange multipliers, and the approximation of the Hessian
matrix of the Lagrangian function are updated by the gradient
method in each iteration until the optimization variables and
the Lagrange multipliers converge to a local optimum. More
details of the SQP method can be found in [35]. The com-
putational complexity order of solving each QP subproblem
by the primal-dual potential reduction method is O((4K)4.5).
The overall complexity of the SQP approach depends on the
number of iterations, which may depend on the given batch
of data. Considering that the complexity order of calculating
the SVDs of H1 in (20) and G in (16) is O(K3 +N 2

sK) and
O(N 3

d +N 2
rNd), respectively, the total computational complex-

ity order of solving the problem in (13) through method 1 is
O(K3 +N 2

sK +N 3
d +N 2

rNd + c1(4K)4.5), where c1 is the
number of iterations in the SQP approach.

B. Proposed Method 2

This method converts the problem in (25) to a convex problem
by exploiting the following upper bound

wibiyi
1 + wi + biyi

≤ wibiyi
wi + biyi

. (27)

Using (27), the problem in (25) can be rewritten as

max
w,x,y,t

(
K∏

i=1

ti

) 1
K

(28a)

s.t. 1 +
wibiyi

wi + biyi
≥ ti, i = 1, . . . ,K (28b)

K∑

i=1

aixi ≤ σ−2
r P (28c)

K∑

i=1

yi ≤ Em (28d)

K∑

i=1

yi ≤ ησ2
r

K∑

i=1

(cixi − wi)−NrPc (28e)

xi ≥ wi ≥ 0, yi ≥ 0, i = 1, . . . ,K. (28f)

Now we show constraints in (28b) can be converted to semidef-
inite constraints. From (28b) we have

wibiyi
wi + biyi

− ti − 1

=
(wi + biyi)

2 − w2
i − b2

iy
2
i

2(wi + biyi)
− ti − 1 ≥ 0. (29)

Inequality (29) is equivalent to

wi + biyi − wi(wi + biyi)
−1wi

− biyi(wi + biyi)
−1biyi − 2ti − 2 ≥ 0

which can be rewritten as the following semidefinite constraint

⎛

⎜
⎜
⎝

wi + biyi − 2ti − 2 wi biyi
wi wi + biyi 0
biyi 0 wi + biyi

⎞

⎟
⎟
⎠

≥ 0. (30)

By substituting (28b) with (30), we obtain the following opti-
mization problem

max
w,x,y,t

(
K∏

i=1

ti

) 1
K

(31a)

s.t.

⎛

⎜
⎜
⎝

wi + biyi − 2ti − 2 wi biyi
wi wi + biyi 0
biyi 0 wi + biyi

⎞

⎟
⎟
⎠

≥ 0

i = 1, . . . ,K (31b)

K∑

i=1

aixi ≤ σ−2
r P (31c)

K∑

i=1

yi ≤ Em (31d)

K∑

i=1

yi ≤ ησ2
r

K∑

i=1

(cixi − wi)−NrPc (31e)

xi ≥ wi ≥ 0, yi ≥ 0, i = 1, . . . ,K. (31f)

The problem in (31) is convex as the objective function (31a)
is a geometric mean which is a concave function [52], (31b)
is a positive semidefinite constraint and (31b)–(31f) are linear
constraints. This problem can be solved efficiently using the
disciplined convex programming toolbox CVX [36]. As (31a)
is a nonlinear function, the problem in (31) is a nonlinear SDP
problem. The computational complexity of solving this class
of problems is an active research area [53]. It can be shown
using the results in [53] that by using the augmented Lagrangian
method, the problem in (31) can be solved at a complexity of
O(c2K(6K + 2)3), where c2 denotes the number of iterations
required till convergence. Therefore, considering the complexity
of calculating the SVDs of H1 and G, the overall computational
complexity order of solving the problem in (13) by method 2
is O(K3 +N 2

sK +N 3
d +N 2

rNd + c2K(6K + 2)3). Thus, the
complexity of the proposed method 2 is lower than that of the
proposed method 1.

C. Proposed Method 3

This method exploits the following lower bound

1 +
wibiyi

1 + wi + biyi
=

(1 + wi)(1 + biyi)

1 + wi + biyi

≥ (1 + wi)(1 + biyi)

2 + wi + biyi
. (32)
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Using (32), the problem in (25) can be written as

min
w,x,y

K∑

i=1

log

(
1

1 + wi
+

1
1 + biyi

)

(33a)

s.t.
K∑

i=1

aixi ≤ σ−2
r P (33b)

K∑

i=1

yi ≤ Em (33c)

K∑

i=1

yi ≤ ησ2
r

K∑

i=1

(cixi − wi)−NrPc (33d)

xi ≥ wi ≥ 0, yi ≥ 0, i = 1, . . . ,K. (33e)

It can be shown through its Hessian matrix that the objective
function in (33a) is a convex function. Therefore, the prob-
lem in (33) is a convex optimization problem. We develop a
primal-dual based interior-point method to solve the problem
in (33) according to the steps in Algorithm 11.2 of [52]. It
can be shown that the major computation in each primal-dual
search of the proposed method 3 is the calculation of the in-
verse of a (6K + 2)× (6K + 2) matrix. Thus, the per iteration
computational complexity order of the proposed method 3 is
O((6K + 2)3). Considering the complexity of calculating the
SVDs of H1 and G, the overall complexity of solving the
problem in (13) using the method 3 is O(K3 +N 2

sK +N 3
d +

N 2
rNd + c3(6K + 2)3), where c3 is the number of iterations till

convergence. It can be seen that the complexity of the proposed
method 3 is lower than the proposed method 1 and method 2.
The theoretical analysis of the gap between the three proposed
methods is difficult as it strongly depends on random channel
realizations. It will be shown in Section IV that the system MI
gaps between the method 1 and the other two methods are very
small.

For the uniform PS algorithm in [29], since two loops of
iterations are required to optimize the source and relay pre-
coding matrices, its computational complexity can be estimated
as O(N 3

r +N 2
sNr +N 3

d +N 2
rNd + c4(c5 + c6)K), where c4

is the number of outer iterations, c5 and c6 are the number of
inner iterations for optimizing the source precoding and the relay
precoding, respectively. We would like to note that as very small
step sizes (10−3 and 10−4) are used in the inner iterations [29],
c5 and c6 can be very large.

IV. NUMERICAL EXAMPLES

We investigate the performance of the three proposed
transceiver design algorithms through numerical simulations in
this section. We consider a relay system where the source node,
the relay node, and the destination node are placed in one line as
illustrated in Fig. 2. This simulation setup is chosen to facilitate
the investigation of the system performance with respect to the
relay position. The distance from the source to the destination is
Dsd = 20 meters, while the source-relay distance isDsr = 10L
meters, and the relay-destination distance is Drd = 10(2 − L)
meters. Here we normalize L (0 < L < 2) over a distance of

Fig. 2. Locations of the source, relay, and destination nodes.

10 meters. This normalization enables an easy identification of
whether the relay node is placed nearby the destination node
(1 < L < 2) or closer to the source node (0 < L < 1). In the
simulations,4 we set 0.25 < L < 1.75 such that Dsr > 2.5 and
Drd > 2.5.

Following [27], [28], and [56], we set the channel matrices as
H = D

−ζ/2
sr H̄ and G = D

−ζ/2
rd Ḡ, where D−ζ

sr and D−ζ
rd denote

the large-scale path loss, while H̄ and Ḡ are the small-scale
channel fading with Rayleigh distribution. In this paper, we
consider the suburban environment with the path loss exponent
ζ = 3 [56]. Matrices H̄ and Ḡ have independent and identically
distributed (i.i.d.) complex Gaussian entries with zero-mean and
variances of 1/Ns and 1/Nr, respectively. The noise variances at
the relay and destination nodes are set as σ2

r = σ2
d = −50 dBm.

For all numerical examples, we set η = 0.8 andPc = 1 μW. The
performances of the three proposed methods are compared with

1) A benchmark WPC relay system where the problem (26)
is solved without the peak EH constraint (26d).

2) The per data stream energy constraint based algorithm
in [23].

3) The TS based AF MIMO relay system in [30] with peak
transmission power constraints, where the limits of the
source node peak transmission power Pm,s and the relay
node peak power Pm,r are set to Pm,s = Pm,r = 2P .

4) The uniform PS-based joint source and relay design algo-
rithm in [29].

Note that these four algorithms are based on linear EH models.
All numerical simulation results are obtained by averaging over
1000 independent realizations of H̄ and Ḡ.

A. Example 1: System MI Versus the Source Node Power

In our first numerical simulation example, we choose a relay
location with L = 1. The system MI achieved by the proposed
method 1 with Nr = 1, Ns = Nd = 3, and various peak power
constraint Em is shown in Fig. 3 versus the source node power
P . It can be seen that with a linear EH model in the benchmark
relay system, the system MI increases linearly with P (in dBm).
However, this linear EH model does not fit practical EH circuits.
Using the practical nonlinear EH model (7), as the energy
available at the relay node for signal transmission is limited
by Em, the system MI curve bends down when P increases and
eventually remains flat at large P . Moreover, Fig. 3 shows that
at high P , the achievable MI of the three proposed algorithms
decreases when Em decreases.

The system MI achieved by the seven algorithms tested
at various source node power P is illustrated in Fig. 4 for

4As reported in [54] for commercial products and Table 1 of [55], such source-
relay distance is among typical practical distances of RF-based wireless power
transfer. Considering RF signals at the 915 MHz band [39], this distance is in
the far-filed of the antenna pattern.
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Fig. 3. Example 1: MI of the proposed method 1 versus P at various Em;
L = 1, Nr = 1, and Ns = Nd = 3.

Fig. 4. Example 1: MI versus P ; L = 1, Em = 0.2 mW, and Ns = Nr =
Nd = 3.

Em = 0.2 mW andNs = Nr = Nd = 3. We can see from Fig. 4
that among the four linear EH based systems, the benchmark
algorithm has a larger system MI than the per data stream energy
constraints based algorithm in [23], the TS protocol in [30],
and the uniform PS approach in [29]. In particular, the MI gap
between the benchmark algorithm and that of the algorithms
in [23] and [30] increases with P . The gain of the benchmark
algorithm over [23] is mainly contributed by the sum energy
constraint (12) across all data streams, compared with the per
data stream energy constraint. The MI gain of the benchmark
algorithm over [29] is achieved by different PS ratios across
data streams. The gain of the benchmark algorithm over the TS
protocol in [30] can be explained below. In the TS protocol, all
sub-channels use the same TS factor to adjust the time duration
for the energy transfer and the information transmission. Using

Fig. 5. Example 1: MI versus P ; L = 1, Em = 0.1 mW, Nr = 1, and
Ns = Nd = 3.

the benchmark algorithm, the PS ratio in each sub-channel for
the information and energy transmission can be different. Thus,
it provides more flexibility in the system resource allocation,
which yields a higher source-destination MI.5 As the bench-
mark algorithm achieves a higher data rate and consumes the
same amount of transmission power at the source node as the
algorithms in [23], [29], and [30], the proposed scheme has a
higher power efficiency in terms of the achieved data rate per
unit power of the source node.

It can be seen from Fig. 4 that at low and medium P , the
proposed method 1 and method 2 have the same MI as the
benchmark system, and a higher MI than the other three linear
EH based systems. Due to the limit of Em, the achievable MI of
the three proposed algorithms decreases at high P .

Fig. 5 illustrates the system MI achieved by the seven al-
gorithms tested with respect to the source node power P with
Em = 0.1 mW, Nr = 1, and Ns = Nd = 3. It can be observed
from Fig. 5 that when Nr = 1, the algorithms in [23] and [29]
have the same MI as the benchmark system. The reason is that the
uniform PS scheme becomes optimal where there is only a single
antenna at the relay node. Moreover, with Nr = 1, the number
of concurrent data streams is K = 1, and thus, the algorithm
in [23] also becomes optimal. Figs. 4 and 5 clearly indicate that
using the same PS ratio across all relay antennas [29] or the
per data stream energy constraint [23] is suboptimal for K > 1
and/or Nr > 1. It can also be seen from Fig. 5 that the PS based
WPC relay systems have a higher MI than the TS based system
in [30], due to the peak source node power constraint in [30].

Similar to Fig. 4, it can be seen from Fig. 5 that due to the
limit of Em, at high P , the three proposed methods have a lower
MI than the three linear EH based PS systems. Interestingly, it
can be seen from Figs. 4 and 5 that the system MI yielded by

5Note that the performance benefits of PS versus TS also depends on the
EH model and the signal design. As explained in [40] with a diode current
analysis based nonlinear EH model, sometimes TS is preferred over PS, and a
combination of PS and TS is in general the best strategy.
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Fig. 6. Example 2: The optimal d1 versus P ; Ns = Nr = Nd = 3, L = 1,
and Em = 0.2 mW.

the three proposed methods is very close to each other at large
P . The reason is given below. For the upper bound and lower
bound based methods, the bounding errors in (27) and (32) are
very small as wi and biyi are much bigger than 1 in real wireless
WPC environments. Thus, the three proposed methods converge
to the same performance as P increases. At low to medium P ,
the proposed method 3 has a slightly lower MI than that of the
proposed method 1 and method 2. Considering that the former
algorithm has a lower computational complexity, it is attractive
for practical wireless powered AF MIMO relay systems. From
Fig. 4 and Fig. 5, we can observe that the system MI increases
when the number of antennas at the relay node increases, which
reflects the benefit of MIMO systems.

B. Example 2: Power Splitting Ratios at Various Source Node
Transmission Power

In our second numerical example, we choose Ns = Nr =
Nd = 3, Em = 0.2 mW, and L = 1. The PS ratios d1, d2, and
d3 computed as optimal by the three proposed algorithms, the
algorithm in [23], and the approach in [29] at various source
power P are illustrated in Figs. 6, 7, and 8, respectively. The
optimal d1, d2, and d3 of the proposed method 1 versus P is
illustrated in Fig. 9. It can be observed from Figs. 6–8 that for
each di the optimal PS ratio from the three proposed methods
follows a similar trend. In particular, the optimal PS ratios of the
proposed method 1 and method 2 are very close to each other,
which explains the observation in Fig. 4 that these two methods
yield a very similar MI. We can also observe from Figs. 6–8 that
the algorithm in [23] yields a quite different di compared with
the three proposed methods.

Interestingly, we can observe that compared with the algo-
rithm in [23], the three proposed methods have a larger variation
of the PS ratios throughout the range of P . This indicates that
to maximize the system MI, it is important to consider a general
energy constraint in (12), instead of per data stream energy
constraints. It can also be observed from Figs. 6–9 that d1,

Fig. 7. Example 2: The optimal d2 versus P ; Ns = Nr = Nd = 3, L = 1,
and Em = 0.2 mW.

Fig. 8. Example 2: The optimal d3 versus P ; Ns = Nr = Nd = 3, L = 1,
and Em = 0.2 mW.

d2, and d3 follow different trends versus P . This justifies the
importance of choosing different PS ratios across data streams
compared with the uniform PS approach in [29].

C. Example 3: Achievable Source-Destination MI at Various
Positions of the Relay Node

In the last numerical simulation example, we study the system
MI at different source-relay distances. We choose Ns = Nr =
Nd = 3, Em = 0.2 mW, and investigate the achievable system
MI at different L. Fig. 10 illustrates the system MI of the
proposed method 1, the algorithm in [23], and the approach
in [29] versusP at differentL. The performance of the other two
proposed methods is not demonstrated in Fig. 10 as they have
a similar system MI as the proposed method 1. It can be seen
that for L = 1.6, the achievable MI of the proposed method 1
is higher than the algorithms in [23] and [29]. For L = 1.2,
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Fig. 9. Example 2: The optimal d1, d2, and d3 of the proposed method 1 versus
P ; Ns = Nr = Nd = 3, L = 1, and Em = 0.2 mW.

Fig. 10. Example 3: MI of the proposed method 1 versus P at various L;
Ns = Nr = Nd = 3 and Em = 0.2 mW.

the proposed method 1 has a higher MI than the other two
algorithms except for P = 25 dBm. At L = 0.3, the proposed
method 1 yields a lower system MI. The reason is that for
the practical nonlinear EH model (7), at L = 0.3, the energy
harvested by the relay node is limited by E′

m, not P . As a result,
the increase of P does not lead to an increase of the system MI.
This explanation also applies to the performance of the proposed
method 1 at L = 1.2 and P = 25 dBm. Interestingly, we find
that the constraint (26d) is inactive at L = 1.6 for the range of
P tested.

Fig. 11 illustrates the system MI of the seven algorithms tested
versus L with Em = 0.2 mW, Ns = Nr = Nd = 3, and P =
15 dBm. We can observe from Fig. 11 that the benchmark system
has the highest MI for each L. For the four linear EH based
algorithms, the achievable source-destination MI decreases first

Fig. 11. Example 3: MI versus L; P = 15 dBm, Em = 0.2 mW, and
Ns = Nr = Nd = 3.

as L grows and then increases with L. The reason is that under
a linear EH model, if the relay node is placed nearby the source,
more RF energy can be harvested due to a short source-relay
distance, which leads to a larger system MI. However, with
practical nonlinear EH models, the harvested energy is limited
by E ′

m when the relay node is very close to the source node.
Therefore, for the three proposed algorithms, the achievable
MI is lower at L = 0.25 than that at L = 0.6, as the harvested
energy is limited by E ′

m at both locations, while the second-hop
channel is stronger at L = 0.6 than L = 0.25. If the relay node
is placed nearby the destination node, although the amount of
energy harvested at the relay node is reduced because of a longer
source-relay distance, a better relay-destination channel thanks
to a shorter distance between the relay node and the destination
node increases the source-destination MI. We can also see from
Fig. 11 that the achievable MI of the proposed method 1 and
method 2 is higher than the algorithms in [23], [30], and [29]
when L > 0.75.

V. CONCLUSION

We have investigated the joint source matrix, relay matrix,
and PS factor design for a two-hop AF MIMO relay system
with a PS-based EH relay node. Compared with the per data
stream energy constraints at the relay node adopted by existing
approaches, we have proposed a general sum energy constraint
at the relay node. A practical nonlinear EH model has been
applied at the relay node. The structure of the source and relay
precoding matrices has been obtained which reduces the difficult
joint transceiver design problem to a simpler joint source and
relay power allocation problem. Three methods have been devel-
oped to solve the optimal power allocation problem. Simulation
examples illustrate that in the linear EH range, the proposed
algorithms have a larger system MI than existing PS based AF
MIMO relay systems and TS based AF MIMO relay systems
with peak transmission power constraints. We have found that
the values of the optimal power splitting ratios of subchannels do
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not follow the same trend as the source node transmission power
increases. Moreover, we have observed that the peak harvest
power constraint plays an important role in choosing the location
of the relay node. As a future work, it is interesting to study the
transceiver optimization of an AF MIMO relay system where the
EH relay node is based on the nonlinear diode current analysis
model in [40].
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